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1 Introduction

In the field of formal series F((z71)) equipped with the degree valuation,
an expression of the form:
al ag as
b+ — — — ... :=l|by; a1, by; a9, ba; as, b3;...], 1
0b1+b2+b3+ [bo; a1, bi; ag, ba; as, bs;...] (1)
where a;, b; € F[z], is called a (non-regular) continued fraction. The elements

a;, b; are called partial numerators, and partial denominators, respectively. When

all a; = 1, and all b; € F[z]\ F (i > 1), we usually write [bg, b1, bo,...] for
[bo; 1,b1; 1,b9; 1,...] and call it a reqular continued fractions. A finite continued
fraction [bg;a1,b1;ag,bs;...;an,by,] is called the nth convergent of the continued

fraction (1). It is well-known, see e.g. [1], that every £ € F((x~!)) can be uniquely
represented by a regular continued fractions, i.e.,

1 1 1
— [bo: by, b, by, .. =bp+ —— —— —— .
§ = [boi bu, ba, b3, -] = bo bi+ bot+ bs+
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In this work, we devise an algorithm to construct a non-regular continued frac-
tion, with prescribed partial numerators, for each element in F((z~!)) uniquely.
If the prescribed sequence of partial numerators is {a,} = {1,1,1,...}, then we
recover its regular continued fraction expansion. Apart from proposing the al-
gorithm, its basic properties and its use of rationality characterization are also
established.

2 Construction

Throughout, F denotes F((z~!)), the field of formal series over a field F.
Let {a,}52, be afixed sequence of partial numerators in Flz]\{0}. Since elements

of F are formal series (in x) written uniquely under the form:
E=cmx™ + Cpp_12™ o™ 2 4L,

where the coefficients ¢, ¢;p—1, ¢m—2, ... are in F. The degree valuation |-|, which

is non-archimedean, in F is defined by
0] =0, [€]=2"if &€ =cpr™+cm12™  dem o™ 2+, cm #0.

The construction of our non-regular continued fraction for £ with respect to
a given sequence of partial numerators {a;} C Flx], each of whose elements is

assumed nonzero, runs as follows: We define

§= [+ (9,
where
[€] i= cma™ + 1™ + Cm—2z™ 24 .. 4 1 + co,
(&) i=c izt e g™ 4.,

are referred to as the head and the tail parts of £, respectively. Clearly, the head

and the tail parts of ¢ are uniquely determined. Let
bo = [¢] € Fla].

Then |bo| = |§] > 1, provided [¢] # 0. If (§) = 0, then the process stops. If
(&) # 0, then write £ = by + %, where () = % and so |B1] > 1. Now write

a1

aifr’

€ =bo+
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Since 1 < |a1| < |a1f1], we can write a1 = [a161] + (a101). Let
by = [a161] € Flz] \ F,

so that |b1] = |a161] > |a1|. If (a161) = 0, then the process stops. If (a151) # 0,
then write a13; = by + i, where (35 = ﬁ so that |G| > 1. Next write

az

azfo .

a1 = by +

Since 1 < |ag| < |agf2], put

by = [agﬁg] S F[Jj} \F,

so that |ba| = |azfB2| > |az|. Again, if (a2f82) = 0, then the process stops.
If (a2f2) # 0, then continue in the same manner. By so doing, we obtain a
representation

é_: [bO: ay, bl; asg, b2;"-; an—1, bn71§ Qn, anﬁn]

ap a2 an—1 Qan,

b1—+ bQ—+ bnfl"'_ anﬁn,

where b, € Fla], 1< [ai] < b (i > 1), fu € F, [B,] > 1 if excsts.

= b0—|—

3 Convergence and Uniqueness

Consider a continued fraction £ = [bg; a1, b1; aa, ba;...], where |a,| < |by|
Vn > 1. Define

A—l = 17 AO = b07 B—l = 07 BO = 17
An = bnAn—l + C(,nAn_Q (n = 1, 2, 3, .. .),

Bn = ann,1 —|—aan,2 (’I’L: 172,3,...)7
]7 (7% an+1
= bn+ bn+1+

& =10:an, bn; ant1, bpti;. ..

The next proposition summarizes basic properties of our non-regular continued

fractions whose straightforward proof, see e.g. [2], is omitted.

Proposition 3.1. (1) For ¢ € F, we have

o An + Anflé-

bo; a1, bi; .5 an, bp; (] = 5—mr——>
[0 ! ! C] Bn+Bn—1C

(n>1).
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(2) [b(); ai, b1§~~~; Gy bn] = 5 (TLZ ]-)

(3) AnBn—1 — ByAn_1 = (—1)n71 Hai (n>1).
i=1

(4) Iea] = H <1 (1),

(5) [Bns1l > [Bpl  (n21)

(6) |By, + Bp—1ény1| = |Bn| (n>1).

(7) |Bn| = H|bi| (n>1).

@HB\>§?(n>n.
an Enyr(—1)" 1! Hn—1 @i
('9) 5 B 71(B + Bn 1§n+1) .

From the properties (9), (6), (7), (4) and (8), we get

|£n+1| |H:‘L:1 ai| - |§n+1|| H?:1 ai| 1 1

= - < < — — n — 00),
|Bn||Bn "’Bn—lgn—&-l‘ |Hi:1 bi”Bnl |Bn| 2n ( )

5 4=
n
which shows that our algorithm yields a convergent continued fraction expansion

to each £ € F. Finally to ensure uniqueness, asume that

ap a2 ’ ar a2
bo+— —...=6=0by +
Ok bt ST Ty
Since by, by € Flz], both | ;- b‘;—i‘ and i+ bZi‘ are < 1, we get
a1 ao ay az
b = :bl, _ Y = = —
o=l=0 g T O gy

Continue in the same manner, we get b; = b (i > 0).

4 Characterization of Rational Elements

In this section, we show that an element in F is rational, i.e. belongs to

F(x), if and only if its non-regular continued fraction is finite.

Theorem 4.1. Let £ € F, {a,}52, any sequence in Flz]\ {0}. Then £ € F(z)

if and only if its non-regular continued fraction with respect to {a,}22, is finite.
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Proof. If its non-regular continued fraction is finite, then ¢ is clearly rational. Now
consider £ € F(z). Let its non-regular continued fraction with respect to {a,}52

be
ap az ag Qp—1

=g+ — — — . —
¢ 0 bi+ bo+ b3+ bn—1+ &,
where now &, must also be rational, so that we can write

:Zﬁ:ain7 ‘§n|<1

&n
dn AnGn/Pn

where py, ¢, € F[z] are relatively prime. By the division algorithm,

AnQqn = dnpn +en 5 |en| < |pn|7

ie.,
Il — g, + 2 |5 <1
Pn " pn | pn
Hence,
a
dn = |: ;qn:| = bn
n
Since
go= O On
" anQn/pn by, + ;_27
we have
é. L= Pn+1 _ €n
+1 = — = —.
" dn+1 Pn

From pppni1 = engn+1 and pni1,Gnt+1 being relatively prime, we deduce that
Qn+1|pn> and so |Qn+1| < |pn| Thus,

1 < |gn+1] < |pnl < lgnl-

It follows that there must exist an index no such that |g,,| = 1 which in turn

yields &,, = 2& € F[z], resulting in a finite continued fraction. O
0
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