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Abstract: The planar soap bubble problem is the mathematically analogous prob-

lem in two dimensions to search for the least-perimeter way to enclose and separate

regions R1, . . . , Rm of given areas A1, . . . , Am on the plane. In this work, we study

the possible configurations for perimeter minimizing enclosures for more than three

regions. In particular, we focus on the case of equal pressure regions. For four

and five regions, in 2007, we proved that a perimeter minimizing enclosure with

equal pressure regions and without empty chambers must have connected regions.

In this paper, we show that for six equal pressure regions, the solutions must have

connected regions.
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1 Introduction

Many people believe that the soap bubble can enclose and separate the given vol-

umes of air using the least surface area. The ancient Greeks believed that a circle

is the best way to enclose a single given area on the plane but mathematicians

could not proved it until much later in the late nineteenth century. The planar

soap bubble problem is the mathematically analogous problem in two dimensions
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to search for the least-perimeter way to enclose and separate regions R1, . . . , Rm

of given areas A1, . . . , Am on the plane. An enclosure is called standard if ev-

ery region, including the exterior region R0 , is connected. Intuitively, humans

believe that a minimizing enclosure is standard. But this is the main difficulty.

An bounded component of R0 is called an empty chamber . In 1993, using a

new developed approach to get rid of empty chambers, the planar double bubble

problem was solved by a group of undergraduate students, Foisy, Alfaro, Brock,

Hodges and Zimba [4]. In 1998, Vaughn [6] proved in Ph.D. dissertation that

any minimizing triple bubble with equal pressures and without empty chambers

is standard. Moreover, he showed why the new approach is valid for the case of

three areas. In 2002, the planar triple bubble conjecture was proven completely

by Wichilamala ([7], [8]). Impressively, he could find the bound on the number

of convex components and then use it to make the bound on the total number

of components. Moreover, he discussed the new approach to the bubble prob-

lem that automatically eliminates the possibility of having empty chambers. For

m = 4 and 5, the problems with equal pressures was proven by our [9] in 2007.

Now, we consider the problems with equal pressures for m = 6.

2 Preliminaries

In this section, we list all basic results.

Theorem 2.1 ([1], [5], [3]). For A1, . . . , Am > 0 , there is a minimizing enclosure

of areas A1, . . . , Am . Every minimizing enclosure (1) is composed of finitely many

circular/straight edges separating different regions and meeting only in threes at

120◦ angles. (2) All edges form a connected graph. (3) There are pressures

p1 , . . . ,pm ∈ R such that every edge between Ri and Rj has curvature pi − pj

(curves into the lower pressure region) where p0 is set to be zero.

A enclosure of m regions with properties (1), (2) and (3) is called an m-bubble .

We consider an m -bubble as an embedded graph on the plane where each face is

labeled by a number 1, . . . ,m or 0.

We say that a bubble is called stationary if it has no area-preserving variation

that initially decreases length in first order, and stable if it is stationary and has

no area-preserving variation that decreases length in second order.

Proposition 2.2 ([3]). A stationary bubble of areas A1, . . . , Am and pressures

p1, . . . , pm has total length 2
∑

piAi .
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It follows that if all pressures are equal then they are positive.

Proposition 2.3 ([2]). For a minimizing bubble, any two components may meet

at most once, along a single edge.

Corollary 2.4 ([4]). A minimizing m-bubble has no 2-sided component if m ≥ 3 .

Theorem 2.5 ([7], [8]). A stable m-bubble has at most m disjoint nonhexagonal

convex components.

We mention the approach that helps eliminate the possibility of having empty

chamber. The idea was developed in [4] and [6] and finally completed in [7]

where it is called the weak approach . A weakly minimizing enclosure for areas

A1, A2, . . . , Am is a shortest enclosure for regions of areas a1, a2, . . . , am where

ai ≥ Ai . From [7], a weakly minimizing enclosure is a minimizing enclosure for ar-

eas a1, a2, . . . , am . Consequently, it is also called a weakly minimizing bubble.

By [7], a weakly minimizing bubble has no empty chambers and has nonnegative

pressures. The next theorem tells us that we need not to concern bubbles with

empty chambers for m ≤ 6.

Theorem 2.6 ([7], [8]). For m 5 6 , the planar m-bubble conjecture holds if

every weak minimizer is standard.

In [7] and [8], we define well-related admissible functions to help showing that

a bubble is not minimizing.

Lemma 2.7 ([7], [8]). A 3-bubble with 4 well-related admissible functions is not

minimizing.

With a similar proof, we have the following fact.

Lemma 2.8. An m-bubble with m + 1 well-related admissible functions is not

minimizing.

Proof. This proof is same to previous Lemma.

3 Properties of Bubbles with Equal Pressures

In Ph.D. dissertation [6], Vaughn lists basic properties of bubbles with equal pres-

sures. Now, we start with those properties and new results needed for the main

theorem.
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Lemma 3.1 ([6]). In a minimizing m-bubble with equal pressures, any component

of R1, R2, . . . , Rm is convex and hence has at most 6 sides. In addition, one that

shares an edge with the exterior region has at most 5 sides.

Lemma 3.2 ([6]). In a minimizing bubble with equal pressures, there is a unique

shape for a 3-sided component, and if there are no empty chambers, then there is

a one-parametered family of possible 4-sided components, and a two-parametered

family of possible 5-sided components.(See Figures 1 , 2 and 3 )

Note that an internal component has 6 straight sides.

Figure 1: The unique shape for a 3-sided component. (Figure 4.1 in [6])

Figure 2: A choice determines a 4-sided component. (Figure 4.2 in [6])

Figure 3: Two choices determine a 5-sided component. (Figure 4.3 in [6])

Corollary 3.3. For a minimizing bubble with equal pressures and without empty

chambers, if a 3-sided component adjacent to two 5-sided components, then they

are isometric.

Corollary 3.4. For a minimizing bubble with equal pressures and without empty

chambers, any two consecutive 4-sided components are isometric.
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The next proposition will tell that a bubble with equal pressures and without

empty chambers must be almost convex when we consider its external edges.

Proposition 3.5 ([9]). Let B be a minimizing m-bubble with equal pressures

and without empty chambers and e an external edge in B . Then e intersects the

boundary of the convex hull of B .

To reduce difficulty in calculation, we scale bubbles so that the external edges

have curvature 1. For convenience, we denote the number of n -sided components

by Nn .

Theorem 3.6 ([9]). A minimizing m-bubble with equal pressures and without

empty chambers has N3 + N4 ≤ m . Moreover, their labels are different.

Lemma 3.7 ([9]). A minimizing m-bubble with equal pressures and without empty

chambers has 2N3 + N4 = 6 .

Lemma 3.8 ([9]). For m ≥ 4 , if a minimizing m-bubble with equal pressures

and without empty chambers has N3 = 2 , N4 = 2 and N6 = 0 , then N5 ≤ m− 4 .

Lemma 3.9 ([9]). A region of a minimizing bubble with equal pressures and

without empty chambers may not have both a 3-sided component and a 5-sided

component.

Lemma 3.10 ([9]). A region of a minimizing m-bubble with equal pressures and

without empty chambers may not have both a 5-sided component and a 4-sided

component that the length of its bottom edge is greater or equal to
√

3

2
.

Lemma 3.11 ([9]). A minimizing m-bubble with equal pressures and without

empty chambers may not have two pairs of 4-sided and 5-sided components of Rj

and Rj .

Lemma 3.12. A minimizing m-bubble with equal pressures and without empty

chambers may not have three consecutive components (a 4-sided component of

Ri , a 5-sided component of Rj , a 5-sided component of Ri , respectively) as in

the left of Figure 4 .

Proof. By Lemma 3.10, the bottom edge of the 4-sided component in the sequence

has length less than
√

3

2
. It follows that we can create a shorter enclosure of the

original areas as in Figure 4, a contradiction.
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Figure 4: A bubble with a consecutive sequence of components can be improved

to a shorter enclosure.

4 Bubbles for Six Areas with Equal Pressure Re-

gions

In this section, we prove the main result that every weakly minimizing 6-bubble

with equal pressures is standard. However we prove a stronger result for every

weakly minimizing 6-bubble with equal pressures and without empty chambers.

Lemma 4.1. A minimizing 6-bubble with equal pressures and without empty

chambers may not have N6 = 1 .

Proof. Suppose that N6 = 1. All possible configurations are in Figure 5. By

Theorem 3.6, all 4-sided components have different labels. By Corollary 3.4, we

can exchange their labels. Since all 5-sided components in Figure 5 are isometric,

we can exchange their labels. Without loss of generality, we may label all 4-sided

and 5-sided components as Figure 6. Hence it is not possible to assign any label

to i , a contradiction.

Lemma 4.2. A minimizing 6-bubble with equal pressures and without empty

chambers may not have N6 = 2 .

Proof. Suppose that N6 = 2. All possible configurations are in Figure 7. By

Theorem 3.6, all 3-sided 4-sided components have different labels.

Consider possibility (a). Without loss of generality, we may label all 4-sided

components as Figure 8 (a). By Corollary 3.4, we can exchange their labels.

Hence it is not possible to assign any label to i .

Consider possibility (b). Without loss of generality, we may label all 3-sided

and 4-sided components as Figure 8 (b). By Corollary 3.4 and Lemma 3.9, we

have i = 6. Since the 5-sided components with labels i and j are isometric,

we can exchange their labels. Together with Lemma 3.9, we have j = 6. By
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Figure 5: Some 6-bubbles with only one hexagonal component.

Figure 6: Some labeled 6-bubbles with one hexagonal component.
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Corollary 3.3, we can assume that α ∈ {3, 4, 5} . By Corollary 3.4, we may

exchange labels to be Figure 8 (c), a contradiction to Lemma 3.12.

Consider possibility (c). Without loss of generality, we may label all 3-sided

and 4-sided components as Figure 8 (d). Since the 5-sided components with labels

i and j are isometric, we can exchange their labels. Together with Lemma 3.9,

we have j ∈ {5, 6} . By Corollary 3.3 and Lemma 3.9, we can assume that

{α, β, j} = {3, 5, 6} . We may exchange labels to be Figure 8 (e), a contradiction

to Lemma 3.12.

Consider possibility (d). Without loss of generality, we may label all 3-sided

and 4-sided components as Figure 8 (f). SSince the 5-sided components with

labels i and j are isometric, we can exchange their labels. Together with Lemma

3.9, we have i ∈ {5, 6} . By Corollary 3.3 and Lemma 3.9, we can assume that

{α, β, i} = {3, 5, 6} and {γ, δ, i} = {2, 5, 6} . We may exchange labels to be Figure

8 (g), a contradiction to Lemma 3.11.

(a) (b)

(c) (d)

Figure 7: Some 6-bubbles with two hexagonal components.

Lemma 4.3. A minimizing 6-bubble with equal pressures and without empty

chambers may not have N6 = 3 .

Proof. Suppose that N6 = 3. All possible configurations are in Figure 9.

Consider possibilities (a) and (e). By Theorem 3.6, all 4-sided components

have different labels. Without loss of generality, we may label all 4-sided compo-
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(a) (b) (c)

(d) (e)

(f) (g)

Figure 8: Some labeled 6-bubbles with two hexagonal components.
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nents as Figures 10 (a) and 11 (a). By Corollary 3.4, we may exchange labels to

be Figures 10 (b) and 11 (b) which contradict to Lemma 3.11.

Consider possibility (f). By Theorem 3.6, all 3-sided 4-sided components have

different labels. Without loss of generality, we may label all 4-sided components

as Figure 12. By Corollaries 3.4 and 3.3, we may exchange labels to be Figure

13 (a) or (b), a contradiction to Lemma 3.12.

Possibilities (b), (c), (d), (g), and (h) are not minimizing by Lemma 2.8 using

admissible functions shown in Figure 14.

(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 9: Some 6-bubbles with three hexagonal components.

Lemma 4.4. A minimizing 6-bubble with equal pressures and without empty

chambers may not have N6 = 4 .

Proof. Suppose that N6 = 4. By Theorem 2.5, there are at most 6 disjoint

nonhexagonal convex components. All possible configurations are in Figure 15
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(a) (b)

Figure 10: Some labeled 6-bubbles with three hexagonal components.

(a) (b)

Figure 11: Some labeled 6-bubbles with three hexagonal components.

Figure 12: A labeled 6-bubble with three hexagonal components.

(a) (b)

Figure 13: Some labeled 6-bubbles with three hexagonal components.
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Figure 14: Some 6-bubbles with seven admissible functions.

which are not minimizing by Lemma 2.8 using admissible functions shown in

Figure 16.

Lemma 4.5. A minimizing 6-bubble with equal pressures and without empty

chambers may not have N6 = 5 .

Proof. Suppose that N6 = 5. By Theorem 2.5, there are at most 6 disjoint

nonhexagonal convex components. All possible configurations are in Figure 17.

Consider possibility (a). By Theorem 3.6, all 4-sided components have dif-

ferent labels. Without loss of generality, we may label all 4-sided components as

Figure 18. By Corollary 3.4, we can assume that i ∈ {4, 5, 6} and j ∈ {1, 2, 3} .

Now, we may exchange labels to be Figure 19 (a) or (b) or (c) or (d), a contra-

diction to Lemma 3.11.

Possibilities (b) and (c) are not minimizing by Lemma 2.8 using admissible

functions shown in Figure 20.

Lemma 4.6. A minimizing 6-bubble with equal pressures and without empty

chambers may not have N6 = 6 .

Proof. Suppose that N6 = 6. By Theorem 2.5, there are at most 6 disjoint

nonhexagonal convex components. All possible configurations are in Figure 21.
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Figure 15: Some 6-bubbles with four hexagonal components.

Figure 16: Some 6-bubbles with seven admissible functions.
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(a) (b) (c)

Figure 17: Some 6-bubbles with five hexagonal components.

Figure 18: A labeled 6-bubble with five hexagonal components.

(a) (b)

(c) (d)

Figure 19: Some labeled 6-bubbles with five hexagonal components.
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Figure 20: Some 6-bubbles with seven admissible functions.

Consider possibility (a). By Theorem 3.6, all 4-sided components have dif-

ferent labels. Without loss of generality, we may label all 4-sided components as

Figure 22. By Corollary 3.4, we can assume that i ∈ {4, 5, 6} and j ∈ {1, 2, 3} .

Now, we may exchange labels to be Figure 23 (a) or (b) or (c) or (d), a contra-

diction to Lemma 3.11

Consider possibility (d). By Theorem 3.6, all 4-sided components have differ-

ent labels. Without loss of generality, we may label all 4-sided components as Fig-

ure 22. By Corollary 3.4, we can assume that i ∈ {3, 4, 5, 6} and j ∈ {1, 2, 5, 6} .

If i ∈ {3, 4} and j ∈ {1, 2} , then we may exchange labels to be Figure 25 (a), a

contradiction to Lemma 3.11. If {i, j} ∩ {5, 6} 6= φ , then we may exchange labels

to be Figure 25 (b) or (c), a contradiction to Lemma 3.12.

Possibilities (b), (c), (e), and (g) are not minimizing by Lemma 2.8 using

admissible functions shown in Figure 26.

Lemma 4.7. A minimizing 6-bubble with equal pressures and without empty

chambers may not have N6 > 6 .

Proof. Suppose that N6 > 6. By Theorem 2.5, there are at most 6 disjoint

nonhexagonal convex components. All possible configurations are in Figure 27

which are not minimizing by Lemma 2.8 using admissible functions shown in

Figure 28.

Theorem 4.8. Every minimizing 6-bubble with equal pressures and without empty

chambers is standard.

Proof. By Lemmas 4.1, 4.2, 4.3, 4.4, 4.5, 4.6 and 4.7, every minimizing 6-

bubble with equal pressures and without empty chambers must have N6 = 0. By

Lemma 3.7, we have 2N3 + N4 = 6. Now, we have four cases: (1) N3 = 3 and
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(a) (b) (c)

(d) (e)

(f) (g)

Figure 21: Some 6-bubbles with six hexagonal components.

Figure 22: A labeled 6-bubble with six hexagonal components.
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(a) (b)

(c) (d)

Figure 23: Some labeled 6-bubbles with six hexagonal components.

Figure 24: A labeled 6-bubble with six hexagonal components.

(a) (b) (c)

Figure 25: Some labeled 6-bubbles with six hexagonal components.
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Figure 26: Some 6-bubbles with seven admissible functions.

Figure 27: Some labeled 6-bubbles with seven or eight hexagonal components.

Figure 28: Some 6-bubbles with seven admissible functions.
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N4 = 0; (2) N3 = 2 and N4 = 2; (3) N3 = 1 and N4 = 4; (4) N3 = 0 and

N4 = 6.

Case1 : N3 = 3 and N4 = 0. The only one possibility is in Figure 29 (a).

This case is impossible.

Case2 : N3 = 2 and N4 = 2. By Lemma 3.8, we have N5 ≤ 2. The only one

possibility is in Figure 29 (b).

Case3 : N3 = 1 and N4 = 4. This case is impossible.

Case4 : N3 = 0 and N4 = 6. This case is impossible.

Therefore being standard is the only one possibility.

(a) (b)

Figure 29: Standard 6-bubbles.

Corollary 4.9. A weakly minimizing 6-bubble with equal pressures is standard.

To solve the planar 6-bubble problem completely, the work left to do is showing

that every weakly minimizing 6-bubble with unequal pressures is standard.
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