Chamchuri Journal of Mathematics \‘!‘
VOLUME 2(2010) NUMBER 2, 45 — 56 %ﬁ@m@@’\p
Journal,of Mathematics.

http://www.math.sc.chula.ac.th/cjm

On the McShane Integral in
Topological Vector Spaces

Rolando N. Paluga® and Sergio R. Canoy, Jr.

Received 18 August 2010
Revised 20 November 2010
Accepted 28 October 2010

Abstract: In this paper, the McShane integral of a function with values in a topo-
logical vector space (TVS) is defined. Results such as uniqueness of the integral,
the Cauchy criterion for integrability, integrability of a continuous function, linear-
ity of the integral, and additive property on subintervals are presented. Moreover,
this study shows that the TVS-version and the Banach-version of the McShane

integral are equivalent whenever the space under consideration is Banach.
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1 Preliminary Concepts

The Lebesgue integral has been considered by a lot of mathematicians as the official
or standard integral in mathematical research. This integral overcomes some of the
defects of the Riemann integral. However, the problem with Lebesgue’s integral
is that it is not easy to understand. One has to master a considerable amount of
measure theory before he can fully understand it. Also, such an integral does not
inherit the naturalness of the Riemann integral.

In the late 1960’s, E.J. McShane defined a Riemann-type integral and proved
that this integral is equivalent to the Lebesgue integral. As a Riemann-type in-
tegral, it is simpler to handle than the Lebesgue integral. Further, his integral
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does not involve concepts such as o-algebras and measures. Several extensions of
the McShane integral had been done. Gordon extended the definition to Banach-
valued functions while Canoy extended the definition to functions with values in
a ranked countably normed spaces.

In this study, we will extend the definition of the McShane integral to functions
with values in a topological vector space.

Let X be a Hausdorff topological space. We say that X is a topological
vector space if X is a real vector space and the operations, vector addition and
scalar multiplication, are continuous.

The next lemma ( see [6, pp.94-95] ) is a property of a topological vector space

that we will use in this paper.

Lemma 1.1. Let X be a topological vector space. Then there is a local base B

of 0 (the zero vector), satisfying the following:
1. If U,V € B, then there isa W € B with W CUNV.
2. If U e B and x €U, thereis a V € B such that xt+V CU.
3. If U e B, thereis a V € B such that V+V CU.
4. If U € B and x € X, then there is k € R such that x € kU .
5. IfUeB and 0 < |k| <1, then kU CU and kU € B.
6. {U:UeB}={6}.

Conwversely, given a collection B of subsets containing 6 and satisfying the
above conditions, there is a topology for X making X a topological vector space

and having B as a local base at 6.

By a #-nbd, we mean an open set containing 6.
Let X be a nonempty set. A family F = {As: 0 € A} of subsets of X is a
filter in X if the following are satisfied:

i. For every § € A, As # 0.
ii. If A,BeF,then ANBeF.

iii. f Ae F, BCX,and AC B, then B€ F.
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Let X be a topological vector space and F = {As : 6 € A} be a filter in X
and r € X. We say that F converges to z, written F — =z, if for every #-nbd
U there exists A € F such that A —x C U. In this case we say that F is a
convergent filter. We say that F is Cauchy if for every ¢-nbd U there exists
A€ F suchthat A—ACU.

Let X be a topological vector space. We say that X is complete if every
Cauchy filter in X converges. We say that X is locally convex if there is a local
base at 6§ whose members are convex.

Let § be a positive function on the closed interval [a,b]. We say that a col-
lection P = {([zi—1,x:],t;) : 1 < i < n} is a J-fine free tagged partition
of [a,b] if {[z;—1,2;] : 1 <4 < n} is a partition of [a,b] and t; € [a,b] and
[Ti—1, 2] C (8 — 0(t:),ti + 6(¢;)), for every i, where 1 <i <mn.

2 Results

Definition 2.1. A function f : [a,b] — X is McShane integrable on [a,b], if
there is an o € X such that for any 6-nbd U there is a positive function § on [a, ]
such that whenever a J-fine free tagged partition P = {([x;—1,2;],t;) : 1 <i<n}
of [a,b] is given, we have S(f; P)—a € U, where S(f;P) =Y (@i —xi—1) f(t;).

The following theorem guarantees the uniqueness of «, if it exists. We call «
the McShane integral of f in [a,b] and write (M) f;f =a.

Theorem 2.2. A given function f : [a,b] — X has at most one McShane integral

on [a,b].

Proof. Suppose that f is McShane integrable on [a,b]. Suppose further that
a1,y are the McShane integrals of f with a; # as. Let U; and Uy be disjoint
neighborhoods of «; and «s, respectively. Then, U; —ay and Uy — s are f-nbds.
Let V3 =U;—a; and Vo, = Us—as. Then, there exist positive functions d; and d
such that for every d;-fine free tagged partition P, and every do-fine free tagged
partition Py of [a,b], we have S(f;P1) —a; € Vi and S(f;P2) —as € Va. Let
d(z) = min{01(z), d2(z)} for all x € [a,b], and P be a d-fine free tagged partition
of [a,b]. Clearly, P is d;-fine and do-fine. Thus, S(f;P)—aq € V1 and S(f; P)—
ag € Va. Tt follows that S(f; P) € Vi+ a3 =U; and S(f;P) € Vo + ag = Us.
This is a contradiction. Therefore, a; = as. O
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In what follows, M([a,b],X) denotes the set of all McShane-integrable X -
valued functions on [a,b].

We now present the some properties of the McShane integral. First, we show
the linearity of the integral.

Theorem 2.3. Let X be a topological vector space. If k is a real number and
fyg€ M([a,b],X), then kf, f +g € M([a,b], X) with

(M)/abkf - k‘(M)/abf

(M)/ab(erg) - (M)/abf+<M>/abg.

and

Proof. Let (M) f;f = «. The case k = 0 is obvious. Suppose k # 0. Let U
be a #-nbd. Then, there exists a positive function § such that for any d-fine free
tagged partition P, we have, S(f; P) —a € %U. Thus,

S(kf;P)—ka=kS(f; P) —ka=k(S(f; P)—«a) eU.

Hence, kf € M([a,b], X) and (M) [ kf = k(M) [’ f.

Let (M) f:f = «a; and (M) fjg = ay. Let U be a #-nbd. Then, there
exists a #-nbd V such that V +V C U. Consequently, there exists a positive
function 7 on [a,b] such that for every d;-fine free tagged partition Pj, we have,
S(f; P1) —ag € V. Also, there exists a positive function d; on [a,b] such that for
every do-fine free tagged partition P, we have, S(g; P2) — az € V. Let §(t) =
min{d; (), 62(¢)} for all ¢ € [a,b] and P be a J-fine free tagged partition on [a, b].
Then, P is also d;-fine and d2-fine. Note that S(f + g; P) = S(f;P) + S(g; P).
Thus,

S(f+9;P) = (a1 +az) = (S(f; P) —a1) + (S(g; P) —az) e V+V C U

Hence, f+ g € M([a,b], X) and
b b b
o0 [(r+9) = 0n [ 7400 [

O

The next theorem shows that the integral satisfies the additive property on
subintervals.
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Theorem 2.4. Let X be a topological vector space. If f € M([a,b],X) and
feM(bc,X), then f € M([a,c],X) and

(M)/:f - (M)/aber(M)/bcf.

Proof. Let (M) fabf =a; and (M) [, f = az. Let U be a 6-nbd. Then, there
exists a @-nbd V such that V +V C U. Thus, there exists a positive function &
such that for every d;-fine free tagged partition P; of [a,b], we have, S(f; P1) —
a1 € V. Also, there exists a positive function d, such that for every ds-fine free
tagged partition P» of [b, ], we have, S(f;P2) —az € V. Let

min{d;(¢),b—t}, ifa<t<bd
6(t) = { min{d1(t),02(t)}, ift=10
min{da(t),t — b}, ifb<t<ec.

Let P be a §-fine free tagged partition of [a,c]. It is easy to show that S(f; P) =
S(f; P1) + S(f; P2) for some 6;-fine free tagged partition P of [a,b] and d2-fine
free tagged partition Py of [b, c]. Hence,

S(fiP) = (a1 +az) = (S(f; P1) —a1) + (S(f; P2) —a2) e V+V CU.
This proves the theorem. O
In the next theorem, we give the Cauchy criterion for integrability.

Theorem 2.5 (Cauchy criterion). Let X be a complete topological vector space.
Then, f € M([a,b],X) if and only if for every 6-nbd U there exists a positive
function & on [a,b] such that for any d-fine free tagged partitions Py and Py
of [a,b], we have S(f; P1) — S(f; P2) € U.

Proof. Suppose (M) fff = a. Let U be a 0-nbd. Then, there exists a §-nbd V
such that V' —V C U. Thus, there exists a positive function ¢ on [a,b] such that
if P is a d-fine free tagged partition of [a,b], we have S(f; P) —« € V. Hence, if
Py and P are d-fine free tagged partitions of [a, b],

S(f P) = S(f Pa) = (S5 P) = a) = (S(fi P) —@) €V =V C U
For each positive function ¢ on [a,b], let

As ={S(f; P): P is a J-fine free tagged partition of [a,b]}.
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Let D = {As: ¢ is a positive function on [a, b]}. Clearly, D is a filterbase in X .
Since X is complete, D — « for some o € X. We now show that « is the
McShane integral of f.

Let U be a #-nbd. Since D — «, there exists a positive function ¢ on [a, D]
such that As — a C U. Thus, if P is a d-fine free tagged partition on [a,b], we
have, S(f;P) —«a € U. Hence, f € M([a,b],X). O

We now apply the Cauchy criterion in showing the integrability on a subinter-
val.

Theorem 2.6. Let X be a complete topological vector space. If f € M([a,b], X),
then f € M([e,d],X) for every [c,d] C [a,b].

Proof. Let U be a §-nbd. By Cauchy criterion, there exists a positive function §
on [a,b] such that for every J-fine free tagged partitions P and @ of [a,b], we
have, S(f;P) — S(f;Q) € U. Let P, and Q1 be d-fine free tagged partitions
of [¢,d].

Suppose a = ¢ and d < b. Let P, be a d-fine free tagged partition of [d,b].
Clearly, P = Py UP; and Q = Q1 U P, are §-fine free tagged partitions of [a,b].
Hence,

S(fiP) = S(f;Q1) = [S(fsP)+ S(f; P2)] = [S(f; Q1) + S(f; P2)]
= S(f;iP)-5(f;Q) € U
Suppose a < ¢ and b = d. Let P, be a d-fine free tagged partition of [a,c].

Clearly, P = Py UP; and Q = @, U P, are §-fine free tagged partitions of [a,b].
Hence,

S(fsP) = S(f;Q1) = [S(fiP)+ S P2)] = [S(f: Q1) + S(f; P2)]
= S(f;iP)-5(f;Q) € U
Suppose a < ¢ and d < b. Let P» be a §-fine free tagged partition of [a, (|

and P3 be a d-fine free tagged partition of [d,b]. Clearly, P = P, U P, U P5 and
Q = Q1 U Py U P are d-fine free tagged partitions of [a,b]. Hence,

S(f; P1) = S(f; Q1) [S(f; Pr) + S(f; P2) + S(f; Ps)]
—[S(f; Q1) + S(f; P2) + S(f; P3)]

S(f;P)=5(1:Q) € U
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Hence, in any case, S(f;P1) —S(f;Q1) € U.
Therefore, by Cauchy criterion, f € M([c,d], X). O

Let ACR and a € A. A function f: A — X is continuous at a if for
every @-nbd U there exists § > 0 such that for any x € A with |z —a| < J, we
have f(z) — f(a) € U. We say that f is continuous on A if it is continuous
at each point of A. We say that f is uniformly continuous if for every 6-
nbd U there exists a § > 0 such that for any z,y € A with |z —y| < 0, we have
fx)=fly)elU.

Apparently, every uniformly continuous function is continuous. The converse
is not true. However, these two concepts are equivalent when the domain is [a, b].

The next lemma gives us something more.

Lemma 2.7. Let X be a topological vector space, f :[a,b] — X, and A C [a,b].
If A is compact and f is continuous on A, then for every 6-nbd U there exists
a § > 0 such that for any v € A and y € [a,b] with |x —y| < §, we have
fle)=fly) eU.

Proof. Let U be a 8-nbd and V' be a 6-nbd such that V —V C U. Since f is
continuous on A, for every ¢ € A there exists a 6(¢) > 0 such that f(z)—f(t) € V
whenever z € [a,b] and |z — t| < 6(t). Note that,

e (0.0 Y o)

covers A. Since A is compact, there exists a finite cover, say

C’:{<tk—6(;k),tk+5(;’“)> :tkeA,lgkgn}.

Let

5':min{@:l§k§n}.

Let z € A and y € [a,b] such that |z —y| < ¢’. Since C’ covers A, there exists k

such that ) )
O(ts O(ty
x € (tk - 9 ,tk + T) .

This implies that

|3? —Ifk| < @ < (5(tk)
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Accordingly, f(z) — f(tx) € V. Moreover,

ly —tel < |z —y|+ ]z —t] <&+

so it follows that f(y) — f(tx) € V. Hence,
f@) = fy) = (fx) = f(tr) — (fy) — f(tx) €V =V C U.

This proves the lemma. O

We now show that every continuous function is McShane integrable when the

range is complete and locally convex.

Theorem 2.8. Let X be a complete and locally convex topological vector space
and f:[a,b] = X . If f is continuous on [a,b], then f € M([a,b],X).
Proof. Let U be a 6-nbd. Since X is locally convex, we can assume that U is
convex. Since f is continuous, then by Lemma 2.7, f is uniformly continuous.
Thus, there exists A > 0 such that if f(z) — f(y) € ;2-U whenever z,y € [a, b]
and |z —y| < A. Let d(z) = 3 for every x € [a,b]. Let P = {(I;,t;): 1 <i<mn}
and Q = {(Jj,s;) : 1 <j < m} be §-fine free tagged partitions on [a,b]. Then
S(fiP) =2 2o i) f(t:), and S(f;Q) = 3201, 3701 61N J;) f(s5). In
effect,

n m

S(fiP) = S(£;Q) =YY LN T)(f(t:) — f(59)-

i=1j=1

For each i =1,2,...,n, let

Q; ={JN1I;:Jisan interval in @ and ¢(I; N J) # 0}.
Clearly, Q; is a partition of I;. Let T =J!_, Q; = {Hy : 1 < k < p}. Clearly, T

is a partition of [a,b]. Thus,

S(f; P) = S(f;Q) =Y 0(Hi)(f(ux) — f(vi)),
k=1

where uj, = t; and vy = s; whenever H, = I; N J;. Note that for each k,
lur, — vg| < 6. Thus, f(ux) — f(vx) € 37U, for each k. Hence, by convexity
of U,

st -s(5Q) € Youm) (2,0)

1 (K(Hk)U> cU.

b
I

Il
M=

b—a

x>
I

1
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Therefore, by Cauchy criterion, f € M([a,b], X). O
The next result gives us a necessary and sufficient condition for integrability.

Theorem 2.9. Let X be a complete topological vector space. Then, f € M([a,b],
X) if and only if there is a function F : [a,b] — X satisfying the following
condition: for every 6-nbd U there exists a positive function 6 on [a,b] such that
if P={([xi—1,x],t:) : 1 <i<n} is a I-fine free tagged partition of [a,b] there
exist open sets Uy,Us, ..., U, with Zi:l U; C U such that F(z;) — F(zi—1) —
(x; —xi-1)f(t;) € U; for all i.

Proof. Suppose f € M([a,b],X). Let F(z) = (M) [ f where (M) ['f = 6.
Let U be a 6-nbd. Then, there exists a positive function § on [a,b] such that
if P={([xi1,24],t;) : 1 < i < n} is a 0-fine free tagged partition of [a,d],
F(b) — S(f;P) € U. Note that

n

F@®)-S(f;P) :Z F(xi—1) — (wi —xim1) f(8)) -

i=1
We now show that there exist open sets Uy, Us,...,U, with Z:-L:l U; C U such
that F(x;) — F(xi—1) — (x; — xi—1)f(t;) € U; for all 4. The claim is obvious if
n = 1. Suppose n = 2. Let

F(x1) — F(wo) — (1 — w0) f(t1) + F(22) — F(21) — (w2 — 1) f(t2) € U.

Since + : X x X — X is continuous, there exists an open set ¥V in X x X contain-
ing (F(z1) — F(xo) — (x1 — 20) f(t1), F(x2) — F(x1) — (x2 — 21) f(t2)) such that
+(V) CU. Since V is an open set in X x X containing

(F(21) — F(zo) — (z1 — o) f(t1), F(x2) — F(z1) — (22 — 21) f(t2))
there exist open sets Uy and Uy in X such that F'(z1) — F(xo) — (21 —x0)f(t1) €
Ul, F(.’[Q) — F($1) — ((EQ — £C1)f(t2) € UQ, and Ul X U2 C V. Note that
Ur+Us = +(U x Uz) C+(V) CU.

This proves the claim for n = 2. Proceeding inductively, we obtain that for
any n, there exist open sets Uy, Us,...,U, with Z?zl U; C U such that F(z;)—
F(zi—1) — (z; — xi-1) f(t;) € U; for all 4.

Suppose there is a function F : [a,b] — X satisfying the stated condition.
Let U be a 6-nbd. Then, there exists a positive function 6 on [a,b] such that
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if P={([zi—1,2:],t;) : 1 < i < n} is a 0-fine free tagged partition of [a,d]
there exist neighborhoods Uy, Us,...,U, with Z?:l U; C U such that F(x;) —
F(zi—1) — (z; — xi—1) f(t;) € U; for all i. Thus,

n

F(b) = F(a) = S(f;P) = Y (F(x:) = Fli1) = (i — 2i-1) f(t))

i=1

€ Y UCU
i=1
Hence, f € M([a,b],X). O

The function F' given in Theorem 2.9 is called an M-primitive of f in [a,b].
The next example illustrates how we can use Theorem 2.9 in showing the

McShane integrability of a function.
Example 2.10. Consider the Dirichlet function f :[0,1] — R defined by

Fo) = 1, ifze[0,1]NQ

0, ifxel0,1]NQ°.
Using Theorem 2.9, let us show that f is McShane integrable with M-primitive
F(z) =0, for all z € [0,1]. Let U be a 0-nbd. Then there exists ¢ > 0 such

that (—e,e) C U. Since [0,1] N Q is countable, there exists a bijective function
a:[0,1]NQ — N. Define § as follows:

if t €0,1] N Q°
satorT, it €[0,1]NQ.
Let P = {([zi—1,xi],t;) : 1 < i < n} be a §-fine free tagged partition of [0,1].
For each 7, with 1 <i<mn,let U; = (*gTetha(ir)) If t;, € 0,11 NQ°,
F(z;) — F(zi—1) — (z; —zi—1) f (&) =0 € U,.
Suppose t; € [0,1]N Q. Note that [z;—1,2;] C (t; — §(t;), ¢ + 6(¢;)). This implies
that x; —z;—1 < 20(t;) =

5oty - Consequently,

F(l’l) e F(l’ifl) — (1’1 — .’Elfl)f(tl) = —(.’EZ — xi*l) S Uz

We now show that Y.  U; CU. Let x € > U;. Then z = """ | x;, where
x; € U;. Let m = max{a(t;) : 1 <i<n}. Since « is bijective,

IS IS

i=1 =
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In effect,
—+oo

Z Qthi) < 22% = €.
=1 k=1

M € €
Since et <z < 2a(t) 1

n n

€ €

f.z o) <z< Z Salt)”

i=1 i=1

Thus, —e < z < €. Hence, © € (—¢,e) CU. Accordingly, >, U; CU.
Hence, by Theorem 2.9, f is McShane integrable with M-primitive F'.

Let us consider the Banach-version of an M-integrable Banach-valued functions
on [a,b]. Let (X,|| ||) be a Banach space. A function f : [a,b] — X is M-
integrable on [a,b], and we write f € M([a,b],X), if there is an o € X such
that for any e > 0 there is a positive function ¢ on [a,b] such that whenever a
d-fine free tagged partition P of [a,b] is given, we have ||S(f;P) —af <e.

In the next theorem we show that if X is a Banach space, the two definitions

are equivalent.

Theorem 2.11. Let (X, || ||) be a Banach space. Then, the Banach version and

the TVS wversion are equivalent.

Proof. First, we show that the Banach version implies the TVS version. Let U be
a 6-nbd. Then there exists € > 0 such that B. CU where B. = {x € X : ||z] <
e}. Thus, there is a positive function ¢ on [a,b] such that whenever a J-fine free
tagged partition P of [a,b] is given, we have ||S(f; P)— a|| < ¢. Hence, there is a
positive function 6 on [a,b] such that whenever a §-fine free tagged partition P
of [a,b] is given, we have S(f;P)—a € B. CU.

Next, we show that the TVS version implies the Banach version. Let ¢ > 0.
Then, there is a positive function ¢ on [a,b] such that whenever a d-fine free
tagged partition P of [a,b] is given, we have S(f; P) — « € B.. Thus, there is a
positive function § on [a,b] such that whenever a J-fine free tagged partition P
of [a,b] is given, we have ||S(f;P)—«a| <e. O
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