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Abstract: The class of normal almost distributive lattices is characterized in
terms of their O-ideals. Later, existence of the greatest O-ideal contained in a
given ideal, is proved. The concept of O-almost distributive lattices is introduced.
A necessary and sufficient condition is derived for every generalized Stone almost
distributive lattice to become an O-almost distributive lattice.
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Introduction

In 1981, the notion of Almost Distributed Lattices(ADLs) was first introduced
by U.M. Swamy and G.C. Rao [7]. Recently in 2009, the class of normal ADLSs was
introduced by G.C. Rao and S. Ravikumar [6]. In the paper [4], the authors intro-
duced the concept of O-ideals in an ADL and characterized in terms of minimal
prime ideal. It was also observed that the class of O-ideal is not a sublattice of
the ideal lattice. In this paper, the main emphasis is given to this feature. A set of

equivalent conditions are derived for the class of all O-ideals of an ADL to become

*Corresponding author



26 Chamchuri J. Math. 8(2011): M. Sambasiva Rao and G.C. Rao

a sublattice of the ideal lattice, which leads to a characterization of normal ADLs.
As a consequence of this result, it is then obtained, the existence of the greatest
O-ideal contained in a given ideal. Later, the concept of O-almost distributive
lattices is introduced. It is then proved that every O-ADL is a generalized Stone
ADL. Finally, a necessary and sufficient condition is derived for every generalized
Stone ADL to become an O-ADL.

1 Preliminaries

In this section, we present some definitions and important results taken mostly
from [2], [4], [5], [7] and [8] those will be required in the text of the paper.

Definition 1.1. [7] An Almost Distributive Lattice(ADL)with zero is an algebra
(L,V, A, 0) of type (2,2,0) satisfies the following properties:

(xVyYANz=(xANz)V(yAz)
eA(yVz)=(xAy)V(xAz)
(zVy)rhy=y

(xVy)hr=x

xV(zAhy) ==

0Nz =0 for any z,y,z € L

S gt W

Let X be a non-empty set and g € X a fixed element. Then for any z,y € X,
define x Vy =y for x = g, otherwise zVy = z. Also z Ay = z¢ for z = zg,
otherwise £ Ay = y. Then clearly (X,V, A, zq) is an ADL with z( as zero element
and is called a discrete ADL. If (L,V,A,0) is an ADL, for any a,b € L, define
a<b if and only if a=aAb (or equivalently, a Vb =" ), then < is a partial
ordering on L. Throughout this paper, L stands for an ADL (L,V,A,0).

Theorem 1.2. [7] For any a,b,c € L, we have the following.

1. avVb=a<aANb=b
aVb=bsaNb=a
aANb=0bAa whenever a <b
A s associative in L
aANbANc=bAaAlc
(avVb)Ae=(bVa)Ac
aANb=0&bAa=0
aV(bAc)=(aVDb) A(aVec)

S I A I
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9. an(aVbd)=a,(aANb)Vb=b, and aV (bAa)=a
10. a<aVband aNb<b
11. aNa=a and aVa=a
12. 0OVa=a and aN0=0.

An element m € L is called maximal if it is maximal in the partial ordered set
(L,<)[7]. That is, for any x € Lym <z = m = z.

Theorem 1.3. [7] For any m € L, the following conditions are equivalent.

1). m is a mazimal element with respect to <
2). mVa=m, forallx € L
3). mAx=ux, forall x € L.

A non-empty subset I of L is called an ideal(filter)[7] of L if aVb € I(aAb € I)
and a Ax € I(x Va € I) whenever a,b € I and x € L. The set Z(L) of all ideals
of L is a complete distributive lattice with the least element {0} and the greatest
element L under set inclusion in which, for any I, J € Z(L), INJ is the infemum
of I,J and the supremum is given by IVJ = {iVvj|i€l,j€ J }. Anideal |
of L is called proper if I # L. Anideal I of an ADL L is called a direct factor of
L if there exists an ideal J of L such that 7N J = {0} and IV J = L. For any
a€ L, (al={aAxz]|xze€L} isthe principal ideal generated by a. Similarly, for
any a € L, [a) ={ xVa|xz €L} is the principal filter generated by a. The set
PZ(L) of all principal ideals is a sublattice of Z(L). A proper ideal P is said to
be prime if for any z,y € L , t Ay € P=x € P or y € P. A subset P of L is
a prime ideal if and only if L — P is a prime filter. A prime ideal P is called a
minimal prime ideal[5] if there is no prime ideal @ such that @ C P. A proper
filter M of L is maximal if and only if L — M is a minimal prime ideal.

Theorem 1.4. [5] A prime ideal P of an ADL L is a minimal prime ideal if
and only if to each x € P there exists y ¢ P such that x ANy =0.

Forany ACL, A*={xze€L|aAz=0forallae A} isan ideal of L. We
write (a]* for {a}* and is called an Annulet [3]. Clearly (0]* = L and L* = (0].

Lemma 1.5. [2] For any two ideals I, J of L, we have the following:

1). If1CJ, then J* C I*
2). ICI™

3) I*** — I*

4). (IvJ)y*=I"nJ*
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Definition 1.6. [4] For any filter F' of an ADL L, define the set O(F) = { z €

L|lxANf=0forsome feF}= {J (z]*.
zeF

Lemma 1.7. [}] For any two filters F,G of L, we have the following:
(a). O(F) is an ideal of L
(b). F C G implies O(F) C O(G)
(¢c). O(FNG)=0(F)NO(G).

An ideal I of an ADL is called an O-ideal [4] if T = O(F), for some filter F
of L. An element z € L is called dense [9] if (z]* = (0]. An ADL L is called
a generalized Stone ADL[3] if (z]* V (z|** = L for each x € L. An ADL L is a
normal ADL [6] if and only if (z]* V (y]* = L for all z,y € L with z Ay =0 if
and only if (x]*V (y]* = (x Ay]* for all z,y € L.

2 Characterization of normal ADLs

In this section, some properties of O-ideals are studied. A set of equivalent
conditions are established for the class of all O-ideals of an ADL to become a
sublattice to the ideal lattice, which leads to a characterization of Normal ADLs.

We first prove some lemmas which we need.

Lemma 2.1. For any filter F' of an ADL L and x € L, we have the following

(1). O(z)) = (z]"
(it). FNO(F) #0 implies that F = O(F) = L.

Proof. (i). It is clear that (z]* C O([z)). Conversely, let t € O([z)). Then
t Aa=0 for some a € [x). Hence we get a Az =x. Now t Az =tAaAz=0.

(#4). Suppose x € FNO(F). Then we get . € F and 2 A f =0 for some f € F.
Since z, f € F', we get that 0 =x A f € F. Therefore FF = O(F) = L. O

Lemma 2.2. FEvery proper O-ideal is contained in a minimal prime ideal.

Proof. Let J be a proper O-ideal of L. Then J = O(F) for some filter F' of
L. Clearly JNF = O(F)NF = 0. Let & = {G | G is a filter such that FF C
G and JNG = 0}. Clearly F € § and & satisfies the Zorn’s lemma. Let M be a
maximal element of &. We now claim that M is a maximal filter of L. Suppose
My is a proper filter of L such that M C M,. By the maximality of M and
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F C M C My, we can get JN My # (). Choose x € JN My. Then we can get
x Ay =0 for some y € F'. Hence z € My and y € F C M C M;, implies that
0=x Ay € My. Which is a contradiction. Thus M is a maximal filter such that
JNM = (). Therefore L — M is a minimal prime ideal such that J C L— M. O

Let us denote the set of all O-ideals of L by Zo(L). In [4], it was proved that
the intersection of O-ideals is again an O-ideal. But, in general, the join of two
O-ideals need not be an O-ideal. It can be seen in the following example.

Example 2.3. Consider the distributive lattice L = {0,a,b,¢,1} whose Hasse

diagram is given in the figure 2.4.

Consider the ideals I = {0,a} and J = {0,b}. T !
Clearly F' = {b,c,1} and G = {a,c, 1} are filters in L.

Now O(F) ={0,a} =1I and

O(G) ={0,b} = J. So I,J are O-ideals of L.
But IV J=1{0,a,b,c} is not an O-ideal,
because ¢ € L and (c]* = {0}.

Thus IV J is not an O-ideal in L. 0
Therefore Zo(L) is not a sublattice of Z(L). Figure 2.4

However, we have the following.
Theorem 2.4. The following conditions are equivalent in an ADL L.

(a). L is normal

(b). For any two filters F,G of L, FVG=L implies O(F)VO(G)=1L
(¢c). For any two filters F,G of L, O(F)V O(G)=O(FV Q)

(d). Zo(L) is a sublattice of (L)

Proof. (a) = (b): Assume that L is normal. Let F,G be two filters of L such

that F'V G = L. Hence we can have 0 = f A g for some f € F and g € G. Since
L is normal, f € F and g € G, we can get that L = (f]* V (¢]* C O(F) V O(G).

(b) = (¢): Let F,G be two filters of L. We have always O(F)VO(G) C O(FVG).
Let 1 € O(FVG). Then £ Aa =0 for some a € FVG. Now

ac FVG = 2N (fAg)=0 where f € F and g € G
= [(wnf)n(zAg))=1[0)
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= [gANf)V]zAg) =L
= Oz A f))VO(zAg)) =L
= (eAnfl*V(eArg*=L
Hence z € (x A f]*V(zAg]*. Thus © = aVb where a € (z A f]* and b € (zAg]*.

Now

T =Nz
= zA(aVb)
= (zAa)V(zAD)
e (fI*Vv(g]* since a € (z A f]*, be (zAg]*
CO(F)VvO(G) since f € F and g€ G
Hence we get that O(FVG) C O(F)VO(G). Therefore O(FVG) = O(F)VO(G).

(¢) = (d): Tt is obvious.

(d) = (a): Assume that Zp(L) is a sublattice of Z(L). Let x,y € L be such that
x Ay =0. Suppose (z]*V (y]* # L. Since (x]*, (y]* are O-ideals, by hypothesis
we get that (z]* V (y]* is a proper O-ideal. Hence by Lemma 1.2, there exists a
minimal prime ideal P such that (z]* Vv (y]* C P. Hence (z]* C P and (y|* C P.
Since P is a minimal prime ideal, we get that « ¢ P and y ¢ P. Since P is
prime, we get that 0 =z Ay ¢ P. Which is a contradiction. Hence we must have
(z]* V (y]* = L. Therefore L is normal. O

Corollary 2.5. Let L be a normal ADL and {I,} an arbitrary family of O-ideals
in L. Then \/, I, is an O-ideal in L.

Proof. Let I, = O(VF,) where F, is a family of filters of L. Clearly VI, C
O(VF,). Conversely, let x € O(VF,). Then = A f =0 for some f € VF,. Hence
f=ANfan.... A fpn for some f; € F,,. Now
eNf=0 = xAfiNfoA... Afn=0

= (@Afi)AN(@Af)A (s Afn)=0

= [sAfiO)V[EAf) Vo VIEAfr) =L

= O([z A f1))VO([z A f2)) V ..... VO(z A fn))=1L

= (ANAFV@EALRYV . V(AR =L
Hence we get © = a1 Vas V ..... V a, where a; € (z A fi]*. Now 2 =z Az
(a1VaaV...Vay)Ax = (a1 Ax)V(ae Ax)V....V(anAx) € (f1]*V(fo]* V.. V(fn]*
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In view of the above theorem, we now obtain the existence of the greatest O-

ideal contained in a given ideal of a normal ADL, in the following theorem.

Theorem 2.6. Let L be a normal ADL. Then for any ideal I which contains an

O-ideal K, there exists a largest O-ideal containing K and contained in I .

Proof. Let I be an arbitrary ideal of L containing an O-ideal K of L. Then
consider the set Sx = { J | J is an O-ideal such that K C J C I }. Clearly
K € Sk. Let {J;}iea be a chain in Sg. Then clearly |JJ; is an O-ideal and
K CJJ; C1I. So, by Zorn’s lemma, Sx has a maximal element, say M. We
now prove that M is unique. Suppose M; and M, are two maximal elements of
Sk . Then clearly K C My V My C I. Since L is normal, by Theorem 1.5, we
get that My V My € S . Thus we can obtain My = My V My = Ms. Therefore
there is a unique maximal element in Ik which is the required largest O-ideal
contained in I and containing K. O

If L has dense elements, then it was observed in [4] that {0} is an O-ideal.
Hence by replacing the arbitrary O-ideal K of the above theorem by the O-ideal
{0}, the following corollary is a direct consequence.

Corollary 2.7. Let L be a normal ADL with dense elements. Then for any ideal
I of L, there exists the greatest O-ideal contained in I.

Let us denote that Iy is the greatest O-ideal of L contained in a given ideal

I. Then we characterize the elements of this Iy in the following theorem.

Theorem 2.8. Let L be a normal ADL with dense elements. For any ideal I
Iy={zeL|(z]*vI=L}

Proof. Tt can be easily observed that I is an ideal of L such that Iy C I. Consider
F={xzelL| (z]"VvI=L}. It can be easily observed that F' is a filter in L
and Iy = O(F). Let J be an O-ideal of L such that J C I. Since J is an O-
ideal, we get J = O(QG) for some filter G of L. Let « € J. Then z A g =0 for
some g € G. Since L is normal, we get (z]* V (¢9]* = L. Then

L= ()" V(g C (@] VO(G) = (a] VI C (] V I

Hence we get that x € Iy. Therefore Iy is the greatest O-ideal contained in I. [
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3 O-Almost Distributive Lattices

In this section, the concept of an O-Almost Distributive Lattice(simply O-ADL)
is introduced. It is proved that the class of all generalized Stone ADLs properly
includes the class of all O-ADLs. A necessary and sufficient condition is derived
for every generalized Stone ADL to become an O-ADL.

Definition 3.1. An ADL L is called an O-ADL if it satisfies the property.
O(F)VO(F)* =L for every filter F of L

In general, the property O(F)VO(F)* = L, (for every filter F'), need not be
hold even in a distributive lattice. It can be observed in the example 2.3. Consider
the filter F' = {b,¢,1} of L. Then O(G) = {0,a} and hence O(G)* = {0,b}.
Hence O(F)V O(F)* ={0,a} VvV {0,b} = {0,a,b,c} # L. Therefore L is not an
O-ADL. However, an example for an O-ADL is given in the following.

Example 3.2. Let A = {0,a} and B = {0,b1,b2} be two discrete ADLs. Write
L = Ax B = {(0,0),(0,b1),(0,b2), (a,0), (a,b1), (a,ba)}. Then (L,V,A,0) is
an ADL where the zero element is 0’ = (0,0), under point-wise operations. It
can be easily observed that Fy = {(a,b1),(a,b2)}, Fo = {(a,0),(a,b1),(a,b2)},
F5 = {(0,b1),(0,b2), (a,b1), (a,b2)} are the only filters of L. Now we can get
that O(F1) = {(0,0)} and O(F1)* = L. O(Fz) = {(0,0),(0,b1),(0,b2)} and
O(Fy)* = O(F3). O(F3) = {(0,0),(a,0)} and O(F3)* = O(F,). Also observe
that O(F;) vV O(F;)* =L for i =1,2,3. Hence L is an O-ADL.

Remark. By the definition of an O-ADL, it can be observed that every O-ideal
is a direct factor of L. Conversely, let F be a filter of L. Then O(F) is an
O-ideal of L. Then there exists an ideal J of L such that O(F) N J = (0]
and O(F)Vv J = L. Now O(F)NJ = (0] implies that J C O(F)*. Hence
L=0O(F)vJCO(F)VO(F)*. Therefore L is an O-ADL.

Theorem 3.3. Every O-ADL is a generalized Stone ADL.
Proof. Assume that L is an O-ADL. Let « € L. Clearly (z]* is an O-ideal.
Hence by above remark, there exists an ideal J of L such that (z]*NJ = (0] and

(z]* vV J = L. Since (z]*NJ = (0], we get that J C (z]**. Now we can obtain
L= (z]*VvVJC(2]*V (z]**. Therefore L is a generalized Stone ADL. O

Since every generalized Stone ADL is a normal ADL[3|the following corollary

is a direct consequence of the above theorem.
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Corollary 3.4. Every O-ADL is normal.

But the converse of above theorem 3.3 is not true. However, we give a sufficient
condition for a generalized Stone ADL to become an O-ADL.

Theorem 3.5. A generalized Stone ADL in which every filter is a principal filter,
is an O-ADL.

Proof. Let L be a generalized Stone ADL in which every filter is a principal filter.
Let F be a filter of L. Then F = [a) for some a € L. Now O(F)V O(F)* =
O([a)) V O([a))* = (a]* V (a]** = L. Therefore L is an O-ADL. O

Moreover, if L has a maximal element, then we derive a necessary and sufficient
condition for every generalized Stone ADL to become an O-ADL.

Theorem 3.6. A generalized Stone ADL with a mazimal element m is an O-

ADL if and only if every O-ideal is an annulet.

Proof. Let L be a generalized Stone ADL. Assume that L is an O-ADL. Let [
be an O-ADL of L. Then I = O(F) for some filter F' of L. Since L is an O-
ADL, we get IV I* = L. Hence m = aV b for some a € I and b € I*. Since
beI*, weget I CI* C(b*. Again, let c € (b]*. Now c=mAc=(aVb)Ac=
(anc)V(bAc)=aANceI. Hence I = (b]*. Conversely, assume that each O-
ideal is an annulet. Let F' be a filter of L. Then O(F) = (z]|* for some x € L.
Hence O(F) VvV O(F)* = (z]* V (z]** = L. Therefore L is an O-ADL. O

In the light of the results discussed above, we would like to conclude that the
properties of O-ideals provide scope for the further investigations and particularly

the nature of primeness of O-ideals may leads to some more results.
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