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1 Introduction

Motivated by the theory of n-normed linear space [8,9, 11,13, 15] and fuzzy normed
linear space [1,2,3,4,5,6,7,10,12,14] the notions of fuzzy n-normed linear space
[16] and intuitionistic fuzzy n-normed linear space [17] have been developed. In
[19,20] I-topological spaces and I-bitopological spaces generated by fuzzy norm
have been discussed.

In this paper we define intuitionistic fuzzy quasi pseudo n-norm and study the
I-topology and I-bitopology generated by this new norm. A characterization of

I-topological spaces and I-bitopological spaces are also established.

*Corresponding author
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2 Preliminaries

In this section we recall some useful definitions and results.

Definition 2.1. [18] A binary operation # : [0,1] x [0,1] — [0,1] is a continuous
t-norm if x satisfies the following conditions:
(i) = is commutative and associative

(ii) * is continuous
(i) a* 1 =a, for all a € [0,1]
(iv) axb < c*d whenever a < ¢ and b <d and a,b,c,d € [0,1] = I.

Definition 2.2. [18] A binary operation ¢ : [0,1] x [0,1] — [0,1] is a continuous
t-co-norm if osatisfies the following conditions:

(i) ¢ is commutative and associative

(ii) ¢ is continuous

(ili) a©0 = a, for all a € [0,1]

(iv) aob < cod whenever a < ¢ and b <d and a,b,c,d € [0,1].

Remark 2.3. [20] The algebraic operations on I can be extended pointwise to
the set IX of all maps from X — I. ie., If pi,pus € IX then (uy * po)(x) =
w1 (x) * po(x) for all z € X.

Definition 2.4. [20] Let X be a non-empty set. A subset S of I is called an
I -topology on X if & satisfies the following conditions:

(l) 1x, 1¢ N

(i) p1, po € & implies pg * po € §

(iil) {p;| ¢ € index set} C ¥ implies Vy; € S.

Example 2.5. [20] Let X = {a, b} and * be defined by r+s = min{r, s}. Consider
1 if z=a
w1 € I defined by p(z) = < 2
0 if x=0b
Then & = {1x,14,1} is an I-topology on X . In this example if * is a product
norm then & = {1x,14,p1} is not an I-topology on X since py * p1 is not an

element in .

Definition 2.6. [11] Let n € N (natural numbers) and X be a real linear space
of dimension greater than or equal to n. A real valued function |le, ..., e|| on
X x .-+ x X = X" satisfying the following four properties:

—_—

n
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1. ||z1,22,...,2n|| = 0 if and only if x1,z9,...,x, are linearly dependent
2. ||z1, 22, ..., z,|| is invariant under any permutation of 1, xa,..., 2z,
3. ||z1, za, ... kxn|| = |k| ||z1, 22, ..., 20|, for any k € R (set of real numbers)
4. ||lz1, 2,y a1,y + 2| <1, 22y oo T, Yl 1, 22, - - T, 2|
is called an n-norm on X and the pair (X, ||e,...,e||) is called an n-normed

linear space.

Definition 2.7. [17] An intuitionistic fuzzy n-normed linear space or in short
i-f-n-NLS is an object of the form

A={(X,N(z1,22,...,Tn,t), M(x1,22,...,Tn, 1))/ (1, 22,...,2,) € X"}

where X is a linear space over a field I, * is a continuous t-norm, ¢ is a continuous
t-co-norm and N, M are fuzzy sets on X™ x (0,00); N denotes the degree of
membership and M denotes the degree of non-membership of (z1,zs,...,z,,t) €
X" x (0,00) satisfying the following conditions:

(1) N(x1,z2,...,20,t) + M(z1,22,...,25,t) <1

(2) N(x1,79,...,2n,t) >0

(3) N(z1,z9,...,2,,t) =1 if and only if x1,xa,...,z, are linearly dependent
(4) N(x1,z2,...,2,,t) is invariant under any permutation of 1, xs,..., 2z,

(5) N(wy,79,...,c05,t) = N(x1,2Z2,...,Tpn, ) if c£0,c€EF

cf

(6) N(xi,22,...,%n,8)* N(x1,22,...,20,,t) < N(z1,22,...,25 + 2,5 +1)

(7) N(x1,z2,...,2n,t):(0,00) — [0,1] is continuous in ¢

(8) M(z1,x2,...,2Zpn,t) >0

(9) M(z1,22,...,2,,t) =0 if and only if z1, 25, ..., x, are linearly dependent
(10) M (z1,z2,...,2n,t) is invariant under any permutation of x1,za,...,z,
(11) M(z1,22,...,cxn,t) = M(x1,29,..., 2y, \%I)’ ifc#0,celF

(12) M(z1,22,...,%pn,8) 0 M(z1,22,...,2,,t) > M(z1,22,..., 25, +2,,5+1)
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(13) M(z1,22,...,2n,t): (0,00) — [0,1] is continuous in ¢.

Remark 2.8. For convenience we denote the intuitionistic fuzzy n-normed linear
space by A = (X, N, M,x*,0).

Example 2.9. Let (X, ||e,...,®||) be an n-normed linear space, where X = R.
Define a * b = min{a, b} and a ¢ b = max{a,b}, for all a,b € [0,1],

—||r1,22,...,T t
N(ml,xg,...,xn,t):e o122 "H/,

M(zy,29,...,2n,t) =1— e llzr@2,mnll/t,

Then A = {(X,N(x1,z2,...,2n,t),M(21,29,...,2n,t))/(21,22,...,2,) € X"}
is an i-f-n-NLS.

3 I-topological and /-bitopological spaces

Definition 3.1. Let A be an i-f-n-NLS and let a € (0,1], ¢ > 0 and = € A.
The fuzzy set N, (z,€) in A is defined as

a ifN@E-—ye)>1—aand M(x —y,¢e) < «
No(z,€)(y) = ,
0 otherwise

for y € A is called the a-open sphere in an i-f-n-NLS with center at x.

Definition 3.2. Let A be an i-f-n-NLS. A fuzzy set p € IX is said to be open if
pu(x) > 0 implies there exists € > 0 and « € (0, 1] such that N, (z,¢) C p.

Theorem 3.3. Let A be an i-f-n-NLS. Then Sy = {pn € I* : pu is open} is
an I -topology on A.

Proof. (i) Clearly, 1x,14 € Snn-

(ii) Proof of p1, o € Sy a implies pg * po € Sy -

pi1, p2 € SN = pa, piz € I and i, po areopen. py, pg € I = g % pg € IX
(by definition of *). up is open. Therefore pi(z) > 0= Je; > 0 and o € (0,1]
such that N, (z,e1) C p1. pe is open. Therefore ps(z) > 0 = Jex > 0 and
a € (0,1] such that N, (x,€e3) C ps. Let € = min(ey, e3). Therefore N, (z,€) C py
and N (z,¢) C po = Ny(z,€) C pg * po (by condition (iv) in definition of )
= 41 * [bo 1S Open. pii * ig € ¥ and M1 * flg s open = 1 * o € SN ar-
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(iii) Let {p;} be any collection of members of Sy ar. Proof of |J w; € Sy, -

el
If (U pi)(x) > 0,3 an g, such that u;,(z) > 0. So 3e> 0 and a € (0,1] such
el
that Ny (z,€) C piy € J pi. Hence | pi € Sy O
iel el

Remark 3.4. Sy is called an I-topology on A generated by the intuitionistic

fuzzy n-norms N, M and (A, Sy, ) is called as an I -topological space.

Definition 3.5. Let (A, Sy, ar,) and (B, S, ) be two I-topological spaces.
A mapping f~ : (A, SN, ) — (B, SNy, ) s called T-continuous if f~(v) €

SNl,l\/h for all v € SN2,M2.

Theorem 3.6. Let (A, SN, )5 (By SNy ), (C, SNy m,) be three I -topological
spaces and f~ (A, SN, ) — (B, SNy ), 97 1 (B, SNy ) — (C, Sy, m,) be
two I -continuous mappings. Then g~ o f~ is I-continuous.

Proof. = : (A, SN, M) — (B, SN, Mm,) 18 I-continuous implies f (v) € Sy, s
VoeSnm- 9 (B, SNy M) — (C, SN, 05) is I-continuous implies ¢~ (w) €

%N%M;VU) € gN:37M3. Now

(go f)(w) = (g™ (w))

= fH(v) € %NlaMl’ Vwe %N&Ms
which implies g7 o f is [-continuous. O

Definition 3.7. Let Sy, ar,, S, a1, be two I-topologieson A. Then (A, Sy, an,

SNy, M) 18 called an T -bitopological space.

Example 3.8. Let X = {a,b}. X x---x X ={21,...,2,},2; is either a or b.

n
We define ||z1, o, ..., 2| = (3 | 2] 2)2.
=1

(l) HthQa"-aan =0 @(Z ‘1‘2|2)% =0

i=1
& 3 lx?=0
i=1
Sz, =0,Vi=1,2,....n

& x1,%9,...,%y, are linearly dependent.

(i) Clearly, ||z1,x2,...,%y,|| is invariant under any permutation of x1, za, ...,z .
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(iii) ||z1, @2, .., zn|| = (@1 2+ |22 24 + | @ 2p| 2)2
= (1|24 | @a| 2+ + | o] 2aa| )2
=|a|l|lz1,xa,...,2,|| if and only if a =1.
(iv) [z, 22,y @p—1, || + |1, 22, 201, 2]

= (Jo1| 2+ 22| 24+ | @oa| 2+ | 9] D)2
(@] >+ @l 2+ 2] 2 4] 2] 2)2
> (|| >+ | wol® + o [z 2+ |y + 2 )
> ||z, 22y ooy 1,y + 2|
Hence (X, ||x1,x2,...,x,||) is a n-normed linear space. Let *,¢ be defined by

r*s=min{r, s}, ros=max{r,s}. Consider uy,us € IX defined by

ifx=a

ifx:b.

fx=a

ifx=0

p(z) = and  po(z) =

[ NI
N— N

Let %N1,M1 = {1X7 1¢>n“'1} and %N27M2 = {1Xa 1¢7:u2}' Then (Av %N1,M17%N27M2)
is an I-bitopological space.

Definition 3.9. Let (A, Sy, an, Sny,m,) and (B, Sy, vy, SNy, a,) be two I-
bitopological spaces. Then = : (A, Sny a1, SNy M) — (B, SN,y Svy,n,) 18 I-

bicontinuous if f (u) € Sy, aV v € Snynm, and [ (v) € Sy YV v € SN, M, -

Definition 3.10. An I-topological space (A4,Sn ar) is called a Tp-space if for
every pair of distinct points x,y € A, there exists p € Sy as such that p(zr) #
1(y) -

Example 3.11. Let X = {a,b} and %, be defined by r x s = min{r, s},
ros =max{r,s}. Consider u; € I defined by

% ifx=a

0 ifz=0b

(A, SN ) is a Tp-space, whereas (A4,Sn, am,) given in Example 3.8 is not a

w(z) = Then Sy = {lx,1¢,u1} is a I-topology on A.

To-space.

Definition 3.12. An I-topological space (A4,Sn ar) is called a Ti -space if for
any two distinct points z,y € A, there exists p1, 2 € Sy, ar such that pq(x) >0,
pi(y) =0 and pa(x) =0, u2(y) > 0.

Example 3.13. Let X = {a,b} and *,o be defined by r x s = min{r, s},
ros =max{r,s}. Consider ui,us € I’X defined by
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frxr=a 0 ifz=a
and  po(r) =

p(z) = . 1. :
ifx=0> 5 ifx=b

S -

Then Sy ar = {1x,1¢, 1, 2} is a I-topology on A and (A, Sn,ar) is a T} -space.
The topological space given in Example 3.11 is not a 7j-space. It is clear that

every T1-space is a Tp-space but not the converse.

Definition 3.14. An I-topological space (A4,Sn ar) is called a T5-space if for
any two distinct points z,y € A, there exists p1, pio € Sy such that pq(z) >0,
p2(y) >0 and pg * pe = 1g, prope = 1x.

Example 3.15. Let X = {a,b} and x,¢ be defined by 7% s = max{0,r +s— 1},
ros=min{l,2 —r — s}. Consider py,us € IX defined by

ifx=a

ifr=0b

fx=a

ifx=0>

and po(x) =

1
pa(r) = °
0

= O

Then Snym = {1x, 14,01, 12} is a I-topology on A. The I-topological space

(A, SN ) is a Th-space.

Definition 3.16. An I-bitopological space (A4, SN, a, SN, n,) is said to be
pairwise Hausdorff if for any two distinct points z,y € A, there exists a Sy,
open set g1 and a Sy, am, open set uo such that pi(z) > 0,u2(y) > 0 and
p1* fo = 1g, p1 o o = 1x and there exists a S, a, open set pz and a Sy,
open set pq such that ps(y) > 0, pa(x) >0 and pg * pg =14, pzopa = 1x.

Example 3.17. Let X = {a,b} and *,¢ be defined by r*s = max{0,r +s— 1},
ros=min{l,2 —r — s}. Consider py, o, u3 € I defined by

L ifr=a 0 ife=a
pr(z) = 2 ' , ua(z) = L and
0 ifzx=0b 53 ifz=0b

L ifr=a
pa(x) =4 2 :
% ifz=0

Then Sy, = {1x,1¢, 01, 13}, Snome = {1x, 14,2, 3} are I-topologies
on A. The I-bitopological space (A, SN, mys SNy, M,) I8 a pairwise Hausdorff

space.
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Definition 3.18. An I-bitopological space (A4, SN, ay, SNy a,) i said to be
pairwise weakly Hausdorff if for any two distinct points z,y € A, there exists a
SNy, open set py and a Sy, a, open set po such that pg(xz) > 0, p2(y) > 0
and py*pe = 1y, props = 1x or there exists a Sy, a7, open set pus and a Sy,
open set jug such that ps(y) > 0, pa(x) >0 and pg * pa = 1y, pz o pa = 1x.

Example 3.19. Let X = {a,b} and *,¢ be defined by r*s = max{0,r +s— 1},
ros=min{l,2 —r — s}. Consider py,pus € IX defined by
ifx=a

ifx:b'

ifx=a

1
2 and po(x) =
0 ifx=0

p(z) =

NI N

Then Sy, = {1x,1¢, 1}, Sng,m = {1x,1p, o} are I-topologies on A. The
I-bitopological space (A, SN, ar, SNy, Mm,) i a pairwise weakly Hausdorft space.

Theorem 3.20. Assume that o # 0,3 # 0 implies axf # 0. If an I -bitopological
space (A, SNy My, SNy M, ) 18 pairwise weakly Hausdorff, then Sy, a, and Sy, a,

are Ty -topologies.

Proof. Let z,y € A with = # y. Since (A, SN, My, SNy, M,) 1S pairwise weakly
Hausdorff, there exists 1 € Sn, a, and po € Sny,m, such that pq(z) > 0,
po(y) > 0 and pg * po = 1y, p1 © po = lx. Since pi(xz) > 0 and po(y) > 0,
p1(y) =0 and po(x) = 0. Hence pq(z) > 0,u1(y) =0 and po(x) =0, u2(y) > 0.
That is Sny,a, and Sy, a, are Tp-topologies. O

Theorem 3.21. Assume that o # 0,3 # 0 implies ax # 0. If an I -bitopological
space (A, SNy s SNy My) 18 pairwise Hausdorff, then Sy, v, and S, v, are
Ty -topologies.

Proof. Let z,y € A with  # y. Since (A, SN, My, SN, M, ) 18 pairwise Hausdorff,
I p1 € Sy, and pio € S, ar, such that pg(x) > 0, po(y) > 0 and py*xps = 1y,
1 o p2 = lx. Also there exists pus € Sy, v, and pa € S, m, such that
p3(y) > 0,pa(x) > 0 and pz * pg = 1y, p3ops = 1x. Hence py,pus € S, ary
with pq(z) > 0,41 (y) =0 and ps(x) =0, us(y) > 0. Also peo, 4 € SN, M, With
pa(x) = 0,p2(y) > 0 and pa(x) > 0, pa(y) = 0. Therefore Sn,,ar, and Sw,, a,
are T -topologies. O

Theorem 3.22. Assume that o # 0,3 # 0 implies axf # 0. If an I -bitopological
space (A, SNy My SNy, M,) 18 pairwise Hausdorff, then Sy, a, o Sny m, 15 a T -
topology.
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Proof. Let x,y € A with x # y. Since (A, SN, My, SN, M, ) 18 pairwise Hausdorff,
3 € Snvymy, and po € Sy, such that pg(x) > 0,p2(y) > 0 and gy *
po = 1lg, p1 o pe = 1x. Also there exists us € Sy, am, and ps € Sy, a, such
that ps(y) >0, pa(xz) > 0 and pg * pa = 1y, p3 0 pa = 1x. Since pqi(z) > 0
and pa(y) > 0, pa(y) = 0 and po(x) = 0. Similarly, p4(y) = 0,p3(z) = 0.
Therefore we have (u1 * p3z)(z) = 0, (u1 * p3)(y) = 0 and (u2 * pg)(z) = 0,
(2 * pa)(y) = 0. Also (1 0 ps)(@) =1, (p o ps)(y) =1 and (uz o pa)(z) =1,
(12 © pa)(y) = 1. Suppose there is a z # x,y and (u1 * pg)(z) # 0. Then
u1(z) # 0,u3(2) # 0. Hence pa(z) = 0 and py(z) = 0 and so we conclude that

there exists s, ue € Sny, v, With ps(x) > 0, us(y) =0 and pe(y) > 0, ps(z) = 0.
Therefore (ps * pe)(z) = 0, (us © pue)(y) = 0, so that ps * ug = 1y. Hence
ts ¢ pig = 1x . Therefore Sy, ar, is a T>-topology. U

Theorem 3.23. Assume that o # 0,0 # 0 implies a* 3 # 0. If either Sy,
or Sn,, M, 15 a Tr-topology on A and the other is a Th-topology on A, then

(A, SNy My SN M) B8 a pairwise weakly Hausdorff space.

Proof. Suppose S, a, is a Tr-topology on A and Sy, a, is a T7-topology
on A. Let z,y € A with  # y. Then there exists p1,p2 € Sn,,a, such
that pi(x) > 0,pu2(y) > 0 and pq * po = 1y, w1 o pe = 1x. Also there exists
Us, fta € SNy, such that pg(z) > 0,ps(y) = 0 and pa(z) = 0,p4(y) > 0.
Hence pq(z) > 0,p4(y) > 0 and pg(z) > 0,p2(y) > 0. Therefore we have
(1 * pa)(z) = 0, (1 * pa)(y) = 0 and (us * p2)(x) = 0, (u3 * p2)(y) = 0. Also
(11 0o pa)(z) = 1, (p1 o pa)(y) = 1 and (pz o p2)() = 1, (u3 o p2)(y) = 1. Let
z # x,y with (u1 * pa)(2) # 0. Then pi(z) # 0,u4(2) # 0. Hence pz(z) =0
and so (ug * p2)(z) = 0. Therefore we can find ps € Sy, ar, and pe € Sy,
with ps(z) > 0,u6(y) > 0 such that ps * pue = lg, s © e = lx as proved
earlier or gy * g = 1y, 11 o pa = 1x and (A, SN,y SNy, M, ) IS pairwise weakly
Hausdorft. O

4 Intuitionistic fuzzy quasi pseudo n-normed lin-

ear spaces

Definition 4.1. Let X be any vector space, * be a continuous t-norm and ¢ a
continuous t-co-norm. Then the functions P,Q : X™ x (0,00) — [0,1] satisfying

the following conditions
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(1) P(0,t) +Q(0,t) =1 where 0= (0,0,...,0)
(2) P(z1,22,...,2n — ), t+8) > P(x1,22,...,2n,t) *x P(x1,22,...,2,8)
(3) P(z1,22,...,2n,): (0,00) — [0,1] is left continuous
(4) P(z1,22,...,2p,t) > 1 as t — oo
(5) Q(z1,22,...,xp —al,t+38) < Q(x1,22,...,2,,t) 0 Q(x1,T2,...,2,,5)
(6) Q(z1,22,...,2p,): (0,00) — [0,1] is left continuous
(7) Q(z1,22,...,2n,t) >0 as t — 0
for all xy,29,...,2n,2, € X,t,5 € (0,00) is called an intuitionistic fuzzy quasi

pseudo m-norm on X and (X, P,Q,x*,0) is called an intuitionistic fuzzy quasi

pseudo n-normed linear space or in short i-f-g-p-n-NLS.

Example 4.2. Let X be any real vector space, a*xb = min{a, b}, aob = max{a,b}.
Define

0 if (z1,%2,...,2,) # 0 and ¢ € (0,1]
P(z1,22,..,xn,1) = ¢ 1= 1 if (#1,22,...,2,) # 0 and t € (1,00)
1 if (x1,22,...,2,) =0and t € (0,00)
and
1 if (z1,29,...,2,) 0 and t € (0,1]
Q(z1,22,..., T, t) = % if (x1,29,...,2,) #0and ¢t € (1,00) -
0 if (x1,29,...,2,) =0and t € (0,00)

(i) Clearly P(0,t) + Q(0,t) = 1.

(ii) Sincei<% andL<%,1—$21—%*1—%forallt,s>0.

t+s t+s
Hence P(x1,%a,...,Tn—2h,t+8) > P(x1,22,...,&n, t)xQ(z1, T2, ..., 2, ).
(iii) P(x1,z2,...,%n,-): (0,00) — [0,1] is left continuous.
(iv) P(z1,z2,...,Tn,t) = 1 as t — oco.

Q(x1,m2,. .., 2y — 20, t +5) < Q(x1,22,...,70,t) 0 Q(x1,22,...,7,,5).
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(vi) Q(x1,22,...,2n,): (0,00) — [0,1] is left continuous.
(vii) Q(z1,%2,...,2Zn,t) — 0 as t — oco.

Hence (X,P,Q,*,0) is an i-f-q-p-n-NLS. Also P((z1/5,22,...,2n),4/5) = 0
and P((z1,22,...,2,),(4/5)/|1/5]) = 3/4. Therefore P(kx1,x2,...,Tn,t) #
P(z1,22,...,2n,t/]k]) for t = 4/5 and k = 1/5. Hence (X, P,Q,*,©) is not
an i-f-n-NLS.

Definition 4.3. An i-f-gq-p-n-norm P,Q is said to be an intuitionistic fuzzy
quasi n-norm if P(xq1,z9,...,2,,t) = 1 and Q(x1,z2,...,z,,t) = 0, V ¢ im-

plies (z1,22,...,z,) = (0,0,...,0).

Definition 4.4. An i-f-g-p-n-norm P,Q is said to be an intuitionistic fuzzy

pseudo n-norm if P(xq1,2a,...,kxy,t) = P(x1,29,...,2Zn, ‘tﬂ) and Q(z1,xa,...,
kxn,t) = Q(z1,x2, ..., Tn, |—,tc‘) for all scalar k and (z1,x2,...,2,) € X".
\

Remark 4.5. P(0,0,...,k0,t) = P(0,0,..., ,‘%) =1 and Q(0,0,...,k0,t) =
Q(0,0,...,0, ﬁ) =0, i.e, P(0,s) =1 and Q(0,s) =0 where s is positive.

Proposition 4.6. Let P,Q be i-f-g-p-n-norm on X and suppose

Pl(x1,$2,...,.’1,‘n,t) :P(Jil,l‘g,...,—l‘n,t),
Ql(xbeJ"wxnat) :Q($17x27"'7_wn7t)
where (x1,%2,...,Tn) € X™. Then P1,Q1 is also an i-f-g-p-n-norm on X .

Proof. (i) P1(0,t) = P(0,t) = 1 and @1(0,t) = Q(0,t) = 0 where 0 =
(0,0, ...,0).

(i) Pi(z1,22,...,20 — ), T+ 5)

= P(x1,29,...,2, — Tp,t+5)

= P(x1,%9,...,—Typ — (—2,),t + 5)

> P(w1,m2, ..., —Tn,t) * P(x1,22,...,—2,,8)
> Pi(z1,72, ..., 2, t) x Pi(21,20,...,2),5).

Similarly, Q1(x1,xa,...,2, — ), t+5)

S Q(l‘l,l‘Q,-..,Jjn,t)0@(331,332,.-.,73./”,3)-
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(iii) Since P(z1,%2,...,%Tn,"), Q(z1,22,...,Tpn,) : (0,00) — [0,1] is left contin-
uous, Pi(z1,%2,...,%n,) and Q1(z1,22,...,2Zn, ) : (0,00) — [0,1] is also
left continuous.

(iv) Also Pi(z1,22,...,2n,t) — 1 and Qq(z1,22,...,2n,t) — 0 as t — oo.
Therefore Py, is also an i-f-g-p-n-norm on X .

O

Remark 4.7. P;,Q; defined by Pi(z1,22,...,2n,t) = P(z1,22,...,—Zn,t),

Q1(x1, 22, ..., 20, t) = Q(x1,%2,...,—xn,t) are called conjugate i-f-g-p-n-norm

of P,Q. If P, is an intuitionistic fuzzy pseudo n-norm, then P = P; and
Q = Q1. Again if P, is an intuitionistic fuzzy quasi n-norm, then so is P, Q.
Hereafter we denote the conjugate i-f-g-p-n-norm of P,Q by —P,—Q.

Definition 4.8. A function ' : [0,1] — [0,1] is said to be an order reverting

involution on [0, 1] if it satisfies the following conditions
(i) a<p=p0<d
(ii) o' =« for a, B €10,1].

Definition 4.9. Let A be an i-f-n-NLS along with an order reverting involution ’
on I and a € (0,1],¢ >0 and z € A. The fuzzy set N/ (x,¢) € IX is defined as

N (2. 6)(y) = a f Nx—y,e)>a and M(z —y,e) <1—¢«
“ 0 otherwise

where y € A is called the a-open sphere in an i-f-n-NLS with an order reverting

/

involution " on I and centre x.

Definition 4.10. Let A be an i-f-n-NLS with an order reverting involution ’
on I. A fuzzy set p € I is said to be open if p(z) > 0 implies there exists € > 0
and « € (0,1] such that N/ (z,¢) C u.

Note 4.11. For the rest of the paper we consider only t-norms for which a # 0,
B # 0 implies ax 3 #£0.

Theorem 4.12. Let A be an i-f-n-NLS with an order reverting involution ' on I .

Then Sy = {p € I : p is open} is an I-topology on A.

Proof. Proof of this Theorem is obvious. O
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Theorem 4.12 implies that an i-f-n-norm generates an I-topology. The i-f-g-
p-n-norm is a weak form of an i-f-n-norm, but still it generates an I-topology as

shown by the following.

Theorem 4.13. Let (X, P,Q,*,0) be an i-f-g-p-n-NLS along with an order re-
verting involution ' on I. Then the collection Spg = {u € I’ : u is open} is an
I -topology on (X, P,Q,*,0).

Proof. (i) Clearly 1x,14 € Spg-

(ii) Let p1,p2 € Spo and suppose there exists an element x such that (p *
p2)(xz) > 0. Then pi(x) > 0 and po(z) > 0, where z = (z1,22,...,2,) €
X", ie., there are ay,ap € (0,1] and €,eo > 0 > N, (z,€e1) C p1 and
N/, (x,€2) C po. Consider o = o * ap and € = min{ep, e}

Since o > o), P(x1,xa,...,Tn,€) > and Q(x1,x2,...,Tpy,€) <1 —d
= P(x1,22,...,Zn,€) > af and Q(x1,x9,...,%n,€) <1 —af.
Since € < €1, P(x1,%a,...,%n,€1) > o) and Q(z1,22,...,Tn,€61) < 1— ]

and hence N/, (z,¢) € N, (z,e1) € p1 and N[ (z,¢) C N (z,€e2) C pa,
which implies that N%(x,e) C N/ (z,€)*N/ (x,€) C py*p2 where 8 = axa.
Hence pi1, pt2 € Sp,g implies p1 * o € Spg.

(iii) Let {u;} be any collection of members of Spg. If Vy;(z) > 0, then
pj(z) > 0 for some j. Hence 3a € (0,1] and € > 03 N/ (z,€) C p; C V.
Thus Sp,g is an I-topology on (X, P, Q, *,0).

O

Proposition 4.14. Let (X, P,Q,*,¢) be an i-f~g-p-n-NLS along with an order
reverting involution ' on I. The fuzzy set p in IX is open if and only if ju is the

union of open sets in I~ .

Proof. Let p € Spg and p(x) > 0. Then there exists o € (0,1],e > 0 and
x € A> N/ (z,€) C p. Consider N? (z,¢) defined by

. p(x) if P(x —y,e) > o’ and Q(z —y,¢) <1 —do’
NG (2, 6)(y) = _
0 otherwise

where y € A. Then clearly p = VNS (z,¢) and each N2 (z,€) is an open set. [
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Theorem 4.15. Let (X, P,Q,*,0) be an i-f-g-p-n-NLS along with an order re-
verting involution ' on I. Then P,Q is an intuitionistic fuzzy quasi n-norm on A
if and only if (A,Spg) is a T1 -space.

Proof. If P,Q is an intuitionistic fuzzy quasi n-norm on A, then for all z,y € A
with z # y, we have P(z—y,t) = r and Q(z—y,t) = 1—r for some 0 < r < 1 and
for some ¢ > 0. Now it is possible to choose one s such that s’ > r. Consider the
s-open spheres p; = Ni(z, 5) and po = N, (y, £). We claim that N/ (z, £)(y) =0
and N/ (y, 5)(z) =0. If not P(x —y,£) > ¢ and Q(z —y,5) <1—¢, ie.,

t t
> oy = e
> Ple -y, 5)*P0,3)
> s’ >rand

Qe —1,1) < QU —1,5) 0 Q(0, 5)

<1—¢" < 1—1r which is a contradiction.

Also pyi(xz) = s and pa(y) =s > 0. Hence (A,Spg) is a T)-space.

Conversely, suppose (A,Sp) is a Ti-space. Take z,y € A with = # y.
Then there exists pi,pu2 € Spo such that pi(z) > 0,pu1(y) =0 and pe(y) >0,
po(x) = 0. Hence 3 51,50 € (0,1] and t1,t2 > 05 N} (z,t1) C gy and N{_(y,12)
C po. Now since uq(y) = 0,P(x — y,t1) < 81 and Q(x —y,t1) > 1 — s1. Sim-
ilarly P(y — z,t2) < s and Q(y — x,t3) > 1 — so. Hence P(x — y,t) # 1 and
Q(z —y,t) # 0. This means that, suppose x # 0, then there is a ¢ > 0 such that
P(z —0,t) # 1 and Q(z — 0,t) # 0 where 0 = (0,0,...,0). Hence P(z,t) =1
and Q(x,t) =0 if and only if z =0. O

Theorem 4.16. Let (A,Spg,S_p_qg) be an I-bitopological space generated by
the conjugate pairs of i-f-¢-p-n-norms P,Q and —P,—Q along with an order
reverting involution ' on I. If P,Q is an intuitionistic fuzzy quasi n-norm, then
(A, Sp0,S-p_q) is a pairwise Hausdorff space.

Proof. Since P, (@ is an intuitionistic fuzzy quasi n-norm, —P, —(@Q is also an intu-
itionistic fuzzy quasi n-norm. Hence Spg,S_p_g are Ti-spaces. Let =,y € A
with « # y. Since Spg is a Ti-space, there exists p1, 2 € Spg 3 p(z) >0,
ui1(y) = 0 and pa(y) > 0,p2(x) = 0. Similarly 3 ps, pa € S_p,_g such that
us(z) > 0,us3(y) = 0 and pga(z) = 0,pu4(y) > 0. Now I ay,a2 € (0,1] and
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€1, > 0 > Nj, (z,61) € 1 and Nj (z,e2) € p3. Since N, (z,e1)(y) =
0,P(x —y,e1) <af and Q(x —y,e1) > 1—0af.

Similarly —P(x—y,€e2) < o and —Q(z—y,e2) > 1—ab. Let o = a3 xap and
e = min{ey, e2}. Now it is possible to choose one 0 < s < 1 such that s’ xs’ > o’.
Consider the s-open spheres N/ (z, §) in Spg and N/(y, 5) in S_p_¢g. Then it
is enough to prove N/ (z, §) * N{(y, 5) = 14.

Suppose N (z, 5)*N/(y, 5)(z) > 0 for some z € A, then N/ (z, 5)(z) > 0 and
N (y,5)(2) > 0. Hence P(x—z,5) > s, Q(x —2,5) <1—5s" and —P(y—=z,5) >
s, —Q(y — z,5) <1—s". Also it is possible to choose ¢ such that 0 < ¢ < § and
P(x—2,0)>¢,Q(x—2,0) <1—s". Now

—P(z—y,5) > —P(x —y,¢)

2
> —P((x —2) = (y — 2),¢)
> —P(m—z,g)*_P(y—zé)
ZP(z—x,%)*—P(y—z,%)
zp(o—(x—z),5+(§—5))*_P(y—z,§)
> P(0, % — )% Pz —2,6) + (—P(y — 2, %))

:1*P(x—z,5)*(—P(y—2a§))

5)

=Pz —2z,0) % (—P(y — 2, 3

>¢ x5 >d.

Hence —P(z—y, §) > /. Therefore —P(z—y, §) > aj. Similarly —Q(z—y, §) <
1 — o, which is a contradiction.
Similarly there is a s-open sphere N/ (y, 5) in Spg and N(z, ) in S_p,

-Q
such that N (y, §) * N (z,§) = 0. O

Theorem 4.17. Let (X, P,Q,*,0) be an i-f-¢-p-n-NLS along with an order in-
verting involution ' on I. Then (A,Spq) is a Ta-space if and only if P,Q is an

intuitionistic fuzzy quasi n-norm on A.

Proof. Suppose P, (@ is an intuitionistic fuzzy quasi n-norm on A. If z,y € A
with = # y, then Pz — y,t) # 1 and Q(z — y,t) # 0 for some ¢. Suppose
Pz —y,t)=r and Q(x —y,t) =1 —r where 0 < r < 1. Now choose s > 0 such
that "% s’ >r. Then N/(z, %) * N(y, &) = 1,. Hence (A,Sp) is a Ty-space.
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Conversely, suppose that (A,Spg) is a Tp-space. Let  # y in A. Then
there exists Sp g open sets i1, o such that pq(x) > 0, po(y) > 0 with py * po =
lg,p1 © o = 1x. Since pi(x) > 0, po(z) = 0 and po(y) > 0,u1(y) = 0. Hence
(A,Sp,) is a Ti-space and so by Theorem 4.15 P, is an intuitionistic fuzzy
quasi n-norm on A. O

Note 4.18. In general a Ts-space need not be a Tj-space. However if P, (Q is
an intuitionistic fuzzy quasi n-norm, then (A4,Spg) is a Th-space as well as a
T} -space.

Theorem 4.19. Let (X, P,Q,*,0) be an i-f-g-p-n-NLS along with an order in-
verting involution ' on I. The i-f-¢-p-n-norm P,Q is an intuitionistic fuzzy
quasi n-norm if and only if the I-bitopological space (A,Spq,S_p—qg) is pair-
wise Hausdorff.

Proof. Suppose (A,Spg,S_p,_q) is a pairwise Hausdorff space. Then Sp g and
S_p,—q are Ti-topologies. Hence P, and —P,—@Q are intuitionistic fuzzy quasi
n-norms on A.

Conversely, suppose P, () is an intuitionistic fuzzy quasi n-norm, then by The-
orem 4.16, the I-bitopological space (A, Sp,g,S_p,—¢g) is pairwise Hausdorff. O

Theorem 4.20. If P,QQ and —P,—Q are two i-f-g-p-n-norms on A, then the
I -bitopological space (A,Spg,S—p—q) is pairwise weakly Hausdorff if and only

if P,Q and —P,—Q are intuitionistic fuzzy quasi n-norms.

Proof. Suppose (A,Spg,S_p,—q) is pairwise weakly Hausdorff space, then Sp g
and S_p_¢g are T)-topologies. Hence P, and —P, —() are intuitionistic fuzzy
quasi n-norms on A.

Conversely, suppose P, and —P, —(@ are intuitionistic fuzzy quasi n-norms
on A, then Spg and S_p_g are Tr-topologies. Let x and y be two distinct
points in A. Then 3 pq(z) > 0 and po(y) > 0 such that pq * po =14 and 3 ps
and pg in Sp, o, with ps(x) > 0 and pa(y) > 0 such that us * pg = 1,. It is
enough if we show that pq % g = 1y or pg * uz = 1,. Clearly (p1 * pa)(z) =0,
(11 % pa)(y) = 0, (p2 * p3)(z) = 0, (u2 * p3)(y) = 0. Suppose there exists an
element z € A such that (ug *4)(2) # 0. Then p;i(z) > 0 and pa(z) > 0 and so
t2(z) = 0, u3(z) = 0 and hence we conclude that p1g%py =1y or poxpus =14. O

Note 4.21. In general, a pairwise weakly Hausdorff space need not be a pairwise

Hausdorff space. However if P, is an intuitionistic fuzzy quasi m-norm, then
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(A, Sp,S_p_q) is a pairwise weakly Hausdorff as well as a pairwise Hausdorff

space as proved in the following.

Theorem 4.22. (A,3po,S_p_q) is a pairwise weakly Hausdorff space if and

only if (4,3¥p,q,S-p,—q) is a pairwise Hausdorff space.

Proof. Suppose (A,Spo,S_p_¢g) is a pairwise weakly Hausdorfl space, then
Spo or S_p_g is a Ty-space. Hence by Theorem 4.17, P, is an intuition-
istic fuzzy quasi n-norm and so by Theorem 4.19 (A,Sp g, S_p_g) is a pairwise
Hausdorff space.

Conversely, suppose (A,Spg,S_p_g) is a pairwise Hausdorff space, then

trivially it is a pairwise weakly Hausdorff space. O
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