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Abstract: In this paper, we obtained the general solution for the functional

equation
(Ai,hl f)('ra Y, t) + (A§7}L2f)(x7 Y, t) = (Aih?,f) (l‘, Y, t)

analogous to 2-dimensional wave equation.
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1 Introduction

In 1988, S. Haruki [2] investigated the functional equation

f(x—i—t,y)—2f(x,y)+f(x—t,y) _ f(x,y+s)—2f(x,y)+f(a;,y—s) (1)

t2 s

analogous to the one-dimensional wave equation
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and obtained the general solution

flz,y) = co+er(@® +y2) + ca(a® + 3zy®) + e3(y® + 32%y) + ca(2®y + 21/°)
+ A (z) 4+ A2(y) + B(x,y).

In this paper, we will find all functions f : R®> — R which satisfy the functional
equation

f(x—i—hl,y,t)—2f(x,y,t)+f(x—h1,y,t) f(il',y—i—hz,t)_2f($,y,t)+f($,y—h2,t)
72 * 72

7f(I,y7t+h3)*2f($7y,t)+f(l’,y,t7h3) (2)

for all z,y,t € R and hy, ha,hs € R\ {0}. Note that Eq.(2) can be viwed as an
analogue of the 2-dimensional wave equation

o, P _ o
oz oy o2’

2 Preliminaries

In order to better understand the functional equation (2) and to elucidate the
analogue between differential equations and functional equations, we will define
the difference operator Aj for a function f:R — R by

fla+2) - fla—15)

Apf(z) = 3

forall z € R and h € R\ {0}.

For a function f:R3 — R, we will define

f(x+%7yat)_f(x_gay7t)

Apnfl(z,y,t) = -
Bt)— _h
Aynf(z,y,t) = Moyt 3.0 h fl@,y—3,0)
b h
Bunfto ) = HELE DSBS,

An iterative of the operator Ay is simply defined by

AR = An(ARTh).



Functional Equation Analogous to the 2-Dimensional Wave Equation 3

It should be noted that

flw+h) = 2f(x) + {2 = h)

AL f(@) = .

Now equation (1) and (2) can be written succinctly as

Ai,tf(x7y) = Ajtzj,sf('r) y) (3)
and Ai’hlf(x,y,t) + Az’hzf(a:, y,t) = A?’hg)f(x,y,t) (4)

respectively.

Haruki [2] gave a remarkable lemma that will be fruitful to our work; that is,
he solved the functional equation A2y (x) = ¢(x) which simply states that the
second-order difference is independent of the span.

Lemma 2.1. (Haruki) Two functions ¥, ¢ : R — R satisfy the equation

AYY(z) = p(z)

for all z € R and y € R\ {0} if and only if there exists an additive function
A:R —R and ay,as,a3 € R such that

Y(x) = a1 + A(x) + axx® + aza®,
p(x) = 2ag + basz. O

Please recall that an additive function A : R — R possesses the additive
property,
Az +y) = A(z) + Aly)

for all z,y € R.
Haruki applied Lemma 2.1 to the functional equation (3) and obtained the

following result:

Theorem 2.2. (Haruki) A function f : R* — R satisfies A2, f(x,y) = A2 f(z,y)
for all z,y € R and s,t € R\ {0} if and only if

flz,y) = ao+ai(z® +y*) + a2(32%y + y*) + as(3zy® + 2°) + as(2®y + 21°)
+ Ay () + Az(y) + B(z,y)

where ag, a1, as,as,as are constants, Ay, As are additive functions and B is a

bi-additive function.
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Please be reminded that a function B : R? — R will be bi-additive when it is

additive in each variable; that is,

B(xl +l’2,y) = B(xlvy) +B(x27y)
and B(z,y1 +y2) = B(z,y1) + B(z,y2)

for all z,y € R.
In addition, a function f:R? — R will be called 3-additive if it is additive in
each variable.

3 Main result

In order to solve the functional equation

Ai,hl f((E, Y, t) + Az,th(xa Y, t) = A?’hgf(m7 Y, t)
we will first state the following lemma.

Lemma 3.1. Let g: R? — R and f: R3 — R be functions such that f is additive
in the first variable. Then f and g will satisfy the following system of equations

A2 L g(y,t) = A7 4,9y, 1)
xg(y,t) + A2, fla,y,t) = A7, fz,y,t) (5)

if and only if
flxy,t) = Colx) + (y* +t*)Ci(z) + (£ + 3y%) Ca(x) + (y° + 3yt*) Cs(x)
+ (yt® + y3)Cu(x) + boxt? + Ay (x,t) + Ax(x,y) + As(x,y,t)
+ 2t? By (y) + xt® Bs(y) — xy? Ba(t) — 2y By(t) (6)
9(y,t) = 2bo + 2B1(y) + 2B2(t) + 61Bs(y) + 6yBa(t) (7)

where Bi, Bo, B3, By and Cy,Cy,C3,Cy are additive functions, Ai, Ay are bi-
additive, Az is 3-additive and by is a constant.

Proof. By Theorem 2.2, the function g is given by

g(y,t) = bo +by(y? +12) + ba(v® + 3yt?) + bs(t® + 3y*t) + ba(y3t + yt?)
+ Bi(y) + Ba(t) + B*(y, 1), (8)
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where bg, by, ..., by are constants, By, By are additive and B* is bi-additive. From
Eq.(5), we can see that Aijhlf(a:,y,t) = Af’th(x,y,t) — zg(y,t) which is inde-
pendent of the span h;. Thus, by Lemma 2.1, we have

f(x,y,t) = DO(I7t> + Dl(xayvt) =+ yZDQ(:Cat) + y3D3(I7t)a (9)

where D; is additive in the second variable. Substitute Eq.(8) and Eq.(9) back
into Eq.(5),

:c(bo + by (y? 4+ 12) + ba(y® + 3yt?) + b3 (t> + 3y*t) + ba(y’t + yt?)
+Bi(y) + Ba(t) + B'(4,1)) + 2Da(w, ) + 6yDs(a,1)
= Aihg (DO(xat) + Dl('ra yvt) + yQDQ(‘rat) + y3D3(x,t)) (10)

Observe that for arbitrary r € Q, substituting ry for y in Eq.(10), we obtain a
polynomial of variable r with all rational numbers being its roots. Hence all the

coefficients of the polynomial (in terms of the variable r) must vanish, that is,

box + biat® + bywt® + wBy(t) + 2Ds(x,t) = A7, Do(x,t),  (

3boxyt® + byayt® + xB1(y) + xB*(y,t) + 6yDs(x,t) = A7, Di(z,y,t), (12
biay? + 3bsxy’t = AihzyQDg(x, t), (

boxy® + byxyt = Af’hzySDg(z, t), (

From Eq.(13), using Lemma 2.1, we will have

b b
Dy(z,t) = Cy(x) + By (z,t) + ElxtQ + gxtb‘, (15)
where FE; is additive in the second variable. Substitute Eq.(15) into Eq.(11) to

get
A?,h2D0($7 t) = boir + 201 (x) + .’EBQ(t) + 2E1 (.’E, t) + 2b1(Et2 + 2b31’t3. (16)

By Lemma 2.1, the right-hand side of (16) must be a polynomial of degree 1 in
the variable ¢. Therefore, by = 0 = b3 and xBa(t) + 2F;(x,t) = tCy(z) for some
C5 : R — R. Moreover, Dy must be of the form,

box + 2C4 (w)

2

where A; is additive in the second variable. Since b; = 0 = b3, Eq.(15) becomes
tCQ(I) - IBQ(t)
—

Do(z,t) = Co(z) + Ay (2,t) + 2+ CQéx) t3 (17)

Dg(x,t) e Cl(iﬁ) + El(iE,t) = 01(56) + (18)
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Similarly, from Eq.(14) and Lemma 2.1, we get

b b
D3(z7t) = 03(‘7:) + E2(z7t) + ggth + émtga (19)
with E; additive in the second variable. By Eq.(12) and (19), we obtain
A?,hQDl(% y,t) = xB1(y) + 6yCs(x) + xB*(y,t) + 6yLa(x, t) + 6bsayt® + 2bszyt®

By Lemma 2.1, as before, by = 0 = by, ©B*(y,t) + 6yEs(z,t) = tE3(x,y) and

Bi(y) + 6yC: Es(a,
Dae.t) = Aay) + afa o) + “PHO L BEY s
and Eq.(19) becomes
Ds(,t) = Cs() + Ba(a, 1) (21)

where Ajz is additive in the third variable. Note that Fs5 is additive in the second
variable since FEs3(x,y) = xB*(y,1) + 6yEs(z,1). If we substitute ¢ = 0 into
Eq.(20), we can see that As(x,y) = Di(x,y,0) which is additive in the second
variable. From Eq.(20), all functions other that Az are additive in the second
variable. Hence, A3 must also be additive in the second variable.

Gathering all we have so far and substituting Eqgs.(17), (18), (20) and (21) into
Eq.(9)

box + 2C4 (Qf) 2 CQ(JZ)

f(x,y,t) = Co(x) + Ar(x,t) + 5 2+ o 3
+ As(z,y) + As(2,y,1) + mBl(y)—ZGyCS(x)tQ—l— ES(g7y)t3
(O () + W 2By s o) 4 By(at))

2
= Co(z) + (y* +t3)C1(x) + (2 + 3y*t) Cs(2)

6
b
+ 5037752 + Ai(z,t) + Ao(z,y) + As(z,y,t)

B E B

g(y,t) = bo + Bi(y) + Ba2(t) + tE3(1,y) — 6yLa(1,1) (23)

+ (y° + 3yt?)Cs(x)

+ zt?

Now that we have obtained g, we will show that each function in Eq.(22) is
additive in the first variable. Since Cy(z) = f(z,0,0), we have that Cj is additive.
If we substitute ¢t = 0 into Eq.(22), we have that

py(@) = y*Cr(x) +y*Cs(2) + Az(z,y) = f(2,9,0) - Co(2)
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where we have defined ¢, (z) to be the term on the left-hand side of the above
equation. Since f(z,y,0) — Co(x) is an additive function of x, ¢, (x) is also an

additive function of x. One can verify that

Ci(2) = —21(2) + 22(2) — S05(2),

Cy(a) = 31(2) — 52(0) + g0s(2),
Ax(,9) = By () = Sip2y(2) + 500 o).

Hence C; and Cj are additive and As is bi-additive (note that Ay is already
additive in the second variable). For other functions in Eq. (22), we can show in
a similar way that each of them is additive in the first variable.

Now we substitute Eq.(22) and Eq.(23) into Eq.(5), we get

tEs(x,y) — xtEs(1,y) = 6yFa(x,t) — 6xyEa(1,t). (24)
Define T'(x,y) = Es(x,y) — zE3(1,y). By Eq.(24), we have
T(x,y) = 6yLa(z,1) — 6ayEs(1,1) = yCu(x),

where Cy(x) = 6E2(x,1) — 6xE3(1,1). Note that C4 is additive. From the
definition of T', we get

tEs(z,y) = atE3(1,y) + ytCu(x). (25)
From Egs.(24) and (25), we obtain
6yFEs(x,t) = 6ayEa(1,t) + ytCy(x). (26)
Substituting Eqgs.(25) and (26) into Eq.(22), we get the functional equation f and
g as in Egs.(6) and (7).

Conversely, if f and g are given by Eqs.(6) and (7), respectively, then it can
be verified that (5) holds. This completes the proof. O

Corollary 3.2. Let f,g:R? — R such that g satisfies Eq.(3). Then

g(y’ t) + Agz;,hl f(y7 t) = Af,hzf(yv t) (27)
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if and only if

f(y.t) = ao + ar(y® +1%) + a(t® + 3y°t) + as(y® + 3yt*)
+ as(yt® + y°t) + bot® + A (t) + Aa(y) + As(y,t)
+t*Bi(y) + t*Bs(y) — y*Ba(t) — y* Ba(t)

gy, t) = 2bg + 2B1(y) + 2Ba(t) + 6tB3(y) + 6yBa(t)

where ag,ay,...,aq4,by are constants, Ay, As, By, By, B3, By are additive functions
and As is 3-additive.

Proof. Multiplying Eq.(27) by =, we get
xg(y,t) + A2, 2 f (y, ) = AF 2 f(y,1).

Define f*(x,y,t) = f(y,t). The above equation then becomes
2g(y, 1) + A 1, f* (@, y,8) = ALy, f* (@, 1)

Applying Lemma 3.1 and using the fact that f(y,t) = f*(1,y,t), we get the

desired conclusion. O
Now that we have Lemma 3.1, we are ready to solve Eq.(4).

Theorem 3.3. A function f:R> — R satisfy (4) if and only if

fl@y,t) = ao+ (Ai(x) + a1)(y? + %) + (Aa(2) + a2) (¢ + 3y°1)
+( 3() +a3)(y® + 3yt®) + (Aa() + a2) (y’t + yt°)

+ (As(y) + as)(@® + %) + (A6 (y) + ag)(2” + 3at?)

+ (A7(y) + ar)(t® + 32%t) + (As(y) + as) (2°t + xt?)

+ (Ag(t) + ag)(x? — %) + (Ao (1) + a10)(y® — 32°y)

+ (A (t) + an)(@®y — 2y°) + (Ar2(t) + a12) (2° = 32y°) + Asz()

+ A1a(t) + A1s(y) + Bi(z,y) + Ba(y,t) + Bs(x,t) + T3(z,y,1)

(
(

— —

x) x

where ay,as,...,a1s are constants, A1, As, ..., A1s are additive, By, By, B3 ’s are
bi-additive and T is 3-additive.

Proof. Firstly, we put hs = 1 = hg in Eq.(4) and then apply Lemma 2.1. We

obtain
flz,y,t) = Ay, t) + B(z,y,t) + 2°C(y.t) + 2°D(y, 1) (28)
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where B is additive in the first variable. Substitute Eq.(28) into Eq.(4), we have

20(3/7 t) + 6‘TD(y7 ) + Ay ha (A(yv t) + B(x’ Y, t) + xQC(y, t) + $3D(y7 t))
= A7), (A, ) + B, y,1) +2°Cly, 1) + 2°D(y, 1)).

If we replace « with rz, where r € Q, we will get a polynomial of r with infinite

number of roots, and hence all of its coefficients must be zero;

20(y,t) + A 5, Ay, 1) = AF ), Ay, 1),
62D(y,t) + A}, Bz, y,t) = Af), Blw,y,1),
2Ay nCy,t) = 2> A7 1Oy, 1)

SAy e Dy, 1) = 2° A7 s D (Y, ).

)

Applying Corollary 3.2 to Eq.(29) and Eq.(31), we have

(29)
(30)
(31)
(32)

Ay, t) = ao + a1(y® + %) + ao(t® + 3y°t) + as(y® + 3yt?) + as(y3t + yt3) + cot?

+ A1(t) + As(y) + As(y, t) + *C1(y) + t°Cs(y) — y>Ca(t)

Cly,t) = co+ Cily) + Ca(t) + 3tCs(y) + 3yCu(t)

and when applying Lemma 3.1 to Eq.(30) and Eq.(32), we obtain

B(z,y,t) = Bo(z) + (y* + ) Bi(2) + (t* + 3y*t) Ba(2) + (°

— yS 04 (t)

+ 3yt2)B3(Z‘)7

+ (4%t + yt*)Ba(z) + 3doxt® + Eq(x,t) + Ea(x,y) + Es(z,y,1t),

+ 3212 Dy (y) + 32t D3(y) — 3wy*Da(t) — 32y Dy(t),

D(y,t) = do + D1(y) + Da(t) + 3tD3(y) + 3yDy(t).

Now we have

[y, t) = ao+ (Bi(z) + a})(y® + t7) + (Bs (z) + a3)(t* + 3y°t)
a3)(y® + 3yt?) + (Ba(z) + as) (y°t + yt°)
)

+
+ ) (2® + %) + (D1 (y) + d) (23 + 32t?)
_l’_

+
—~
Q
=%

~ o~ o~
<

(2% — ) — (Calt) + ka) (y° — 32°y)
( 3

k(83 + 32%t) 4 (3Ds(y) + ko) (a2t + xt?)

23— 3xy?) + (3D4(t) + ko) (2®y — xy?)

(33)

+ Bo(x) + A1) + A2(y) + Ez(x,y) + As(y, t) + En(z,t) + Es(x, y,t)
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where we have defined

Cy(t)* = Ca(t) — 3k1(2), ay =as — ki,

D3 (t) = Da(t) — kat, B;(z) = Ba(x) — ko,
¢y = co — ks ay, = ai + ks,
a3 = a3 + ks + ke, Ci(y) = C1(y) — 3kay,
dy = do — ks — kg, Bj(z) = Bi(x) + 3ksz.

It is straightforward to verify that the function of the above form is indeed the
general solution of Eq.(4) O

The next corollary extends our result to a difference functional equation anal-
ogous to the wave equation
Pu  Pu_ 10
0x2  0y? 2 o2’
Corollary 3.4. Let fi,f> : R3 — R and ¢ € R\ {0} such that fo(z,y,t) =
filz,y,ct). Then f1 satisfies Eq.(4) if and only if fo satisfies the equation

(Ax hlf(xv Y, ) + Ay hgf(xﬂ Y, t)) = Atz,hgf(xa Y, t) (34)
Proof. Observe that

(AL, fo) (@, y, 1) + (AL 4, f2) (@, 1) — (A3 4, f2) (2,9, 1)
= A((A1, f2) (@, y,1) + (A3, o) (2,9, 1))
B (fz(a:,y,t + ) = 2fo(z,y,1) + fo(z,y,t — h3))
12
= (AL, f) (@ y,ct) + (A3, fi) (@, y, ct))
(fl(ac Jy,ct + chs) — 2f1(x,y, ct) + fi(z,y, ct — Chg))
(chs)?
= A((AT ), f) (@, ) + (A3 4, f1) (@, y,1)) = E(AS i) (@, y, 1)
where ¢ = ¢t and hj = chg. Hence f; satisfies Eq.(4) if and only if fo satisfies
Eq.(34). O
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